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Vibration suppression of beams traversed by moving loads, using optimal Tuned-
Mass-Damper (TMD) systems, is investigated. This study is performed on two different 
geometrical shapes of the beam, namely, uniform homogenous straight beam, and the 
uniform homogenous curved beam. Initially, three different models of the moving load 
on a straight beam were developed using the APDL coding in ANSYS©, a commercially 
available software. Results obtained from the numerical simulation of either a single 
moving load or a moving mass on the straight beam were compared and validated with 
those reported in literature. A comprehensive parameter sensitivity analysis was carried 
out on the beam traversed by moving load with and without the presence of random base 
excitation and the effects of different beam parameters on the dynamic response of the 
system were closely examined. Vehicles travelling on suspension bridges induce 
undesirable vibration, which must be suppressed to a great extent.  A half-car planar 
model moving on a straight beam is considered to study the suppression of vibration and 
parameter optimization. Attempt is made to design an optimal TMD system to suppress 
the induced vibration of the bridge due to the moving vehicle, considerably. Furthermore, 
the effect of non-symmetrical and side-way motion of vehicles on bridges has been 
considered when both the torsional and flexural vibrations of the bridge-vehicle have 
been present. Optimum values of the double-acting TMDs parameters have been found to 
suppress the combined flexural and torsional vibrations of the supporting beam structure. 
Similar work has been carried out on a uniform homogenous curved beam traversed by 
either a moving load or a half-car planner model. The effects of the beam curvature angle 
and the type of loading are closely studied. Optimum values of the two TMDs were 
obtained to suppress the combined flexural and torsional vibrations of bridges traversed 
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1.1 Objectives and motivation  
The analysis of beams traversed by moving loads has been of considerable practical 
importance especially in last few decades. The interest arises from the observation that as 
a bridge structure is subjected to moving vehicles and trains, the dynamic transversal 
deflection as well as the stresses could become significantly higher than those obtained 
with the stationary loads. In recent years, the demand of using heavy and high-speed 
vehicles has been increased; on the other hand, lighter and slender bridge structures are 
most cost effective to build, and hence, the undesirable vibration seriously deteriorates 
the life span of bridge. Large deflections and vibration induced by heavy and high-speed 
vehicles affect significantly the safety and efficiency of bridges. 
In order to control the induced vibration of beams vibration controllers can be 
employed. The vibration controllers can be categorized into three major systems, namely; 
passive systems, active systems, and semi-active systems. While utilization of active and 
semi-active vibration suppression techniques in structures is very effective, but their 
complicity, and high costs make passive systems stay in the market. Moreover, due to 
low expenditure of passive vibration damping treatments and their simple configuration, 
they are still widely applied in different sort of structures such as beams. One of the 
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simplest and most economic passive methods to control the vibration of a beam structure 
is to make use of Tuned Mass Damper (TMD) systems. 
Although many researchers studied vibration suppression of the straight beams 
traversed by moving loads, few researchers investigated the practical application of a 
damping mechanism to reduce the flexural and torsional vibration level of straight and 
curved beams carrying symmetric and non-symmetric moving loads. 
In the present thesis, two different geometrical shapes of the beam, namely, uniform 
homogenous straight beam, and the uniform homogenous curved beam will be 
considered. The beams dynamic response due to the passage of various types of moving 
loads, such as a moving constant load, a moving mass, a moving sprung mass, a sequence 
of moving loads, and a moving vehicle will be examined and discussed. The optimal 
design of TMD system and its performance for suppressing the flexural vibration of 
straight and curved beams traversed by moving vehicle will be presented. 
The straight and curved beam traversed by non-symmetrical moving load will be 
introduced. Technically, the main difference between symmetric and non-symmetric 
moving load is that the non-symmetric moving loads produce flexural and torsional 
vibration unlike the symmetric loading, which can only affect the beam in the traversal 
direction. Two novel approaches will be examined to suppress both flexural and torsional 





1.2 Literature review   
Bridges are one of the most essential and historical constructed structures in human 
life. They have always been the centre of interests for mechanical and civil engineers.  
Usually, bridge structures are modeled in the form of beams. A beam is a structural 
member that resists forces applied laterally or transversely to its axes [1]. The modeled 
beam structural shape can be categorized in two main groups: Straight beams, and 
Curved beams. The straight beams have no curvature in their structure; unlike the curved 
beams that have curvature in their structures. It should be noted that the curvature of the 
curved beams can only be in one of the coordinate planes, either in the x-y plane, x-z 
plane, or in the y-z plane. Generally, the dynamic behavior of the curved beam under a 
moving load is more complicated than that of the straight beam. Thus, less number of 
researchers attempted to analyze the curved beams.  
The dynamic behavior analysis of beams traversed by moving loads has been the 
centre of deliberation for the last few decades. The studies show that the transversal 
deflection and stresses in the beams traversed by moving loads are considerably higher 
than those observed with the stationary loads; consequently, it is critical to know how the 
system behaves under the moving load. On the other hand, the nature of the moving load 
can be categorized in three major classes: constant moving force, moving mass, and 
moving sprung mass (single DOF and six DOF), at which the beam dynamic behavior 
defers from on to the other. 
Regarding the fact that the beam deflection due to the moving loads is more than 
those generated by stationary loads, it is critical to design a system to suppress the 
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vibration of the beam. Tuned mass damper (TMD) is one of the simplest and most 
efficient passive control systems, which can be installed to the primary systems to 
suppress the oscillations. Many researchers have applied the TMD to the beam traversed 
by moving loads in order to reduce the beam vibration. 
The aim of this part is to present the available literature on the subject. In doing so, 
three main sections are provided. In the first section, the history of the studies on the 
beam vibration analysis is presented. This section is categorized in two groups: straight 
beams and curved beams. For both groups, the literature on free vibration analysis is 
presented, as well as the beam vibration analysis subjected to moving loads. In the second 
section, an introduction on tuned mass damper (TMD) systems is provided, which 
contains the theory of TMD systems and their applications in civil and mechanical 
engineering environment. In the last part, the TMD system application in suppressing the 
induced vibration of the beam due to the external loading is presented. 
 
1.2.1 Vibration analysis of beams 
Beam-type structures are commonly used in numerous fields of modern civil, 
mechanical, and aerospace engineering. As such, the dynamic behavior of single beam 
and beam systems is still a subject of great interest to many researchers. Beam-type 
structures contain two major types of beams: straight beams and curved beams. As stated 
earlier, the difference between curved beam and straight beam is only in their shape; 




1.2.1.1 Straight beams 
1.2.1.1.1 Free vibration of straight beams  
An exact formulation of the straight beam problem, in terms of general elasticity 
equations, was first studied by Pochhammer and Chree in late 18th century in Ref. [2]. 
They developed the equations that express a vibrating solid cylinder. However, it was not 
practical to solve the full problem because it would yield to more information than 
usually needed in applications. The early researchers have studied the subject and they all 
have examined different approaches to the issue. Four different theories are presented in 
the literature to describe the beam dynamics; namely, the Euler-Bernoulli, Rayleigh, 
shear, and the Timoshenko beam theories. The Euler-Bernoulli theory considers the strain 
energy and the kinetic energy as a function of the bending and lateral displacement, 
respectively. The Euler-Bernoulli model dates back to the 18th century. The Euler-
Bernoulli beam theory is called with different names, such as the classical beam theory, 
Euler beam theory, Bernoulli beam theory, or Bernoulli-Euler beam theory. Due to its 
simplicity and reasonable engineering approximations, it is the most commonly used 
theory for describing beam dynamics. However, due to its overestimation in the natural 
frequencies, Euler-Bernoulli model is not a perfect model for describing beam structure. 
Timoshenko [3] proved that the natural frequencies overestimation can make huge 
difference for the higher modes. By employing the effect of rotation of the cross-section, 
the Rayleigh beam theory [3] provides a minor development on the Euler-Bernoulli 
theory. Consequently, the Rayleigh model relatively corrects the Euler-Bernoulli theory 
problem -the overestimated natural frequencies-; yet, the natural frequencies are not still 
accurate. The shear model adds shear distortion to the Euler-Bernoulli model; therefore, a 
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considerable improvement in estimated natural frequencies is achieved. Timoshenko 
developed a comprehensive beam theory, in which the effects of shear as well as rotation 
are added to the Euler-Bernoulli beam model [4 ,5]. Those modifications made the 
Timoshenko model more suitable for non-slender beams and for high-frequency 
responses where shear or rotary effects are not negligible. As such, the Timoshenko beam 
model is the best model to describe the beam dynamics. Reviewing literature shows that 
several researchers applied different beam models, based on their research inquiries and 
goals. Table 1.1 provides a summary of the four presented beam models. 









Euler-Bernoulli Yes Yes No No 
Rayleigh Yes Yes No Yes 
Shear Yes Yes Yes No 
Timoshenko Yes Yes Yes Yes 
 
 
Han et al [6] showed that for a typical material and cross-section, the shear 
deformation effects is roughly 3-6 times larger than the rotary inertia effects; therefore, 
its effect is always more dominant than the rotary effect for a given geometry and 
material. Moreover, experiences showed that Euler-Bernoulli model, which neglects the 
effect of shear deformation, can be extremely unreliable especially for higher frequency 
modes, as provided in Table1.2. Note that the shear model accuracy in estimation of the 
natural frequencies is equal to Timoshenko model. 
Han et al. [6] also noted that by considering the natural frequencies using all four 
theories, it is shown that the responses of the Euler-Bernoulli and Rayleigh models are 
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close to each other, and also for those obtained using the shear and Timoshenko models 
are close to each other. Moreover, the shear model may give reasonable results for less 
complexity. 
Table 1.2 Percentage deviations from the experimental values reported in Ref. [6] 
Beam Model 1
st
 natural frequency 2
nd
 natural frequency  
Euler-Bernoulli +14% to +26% +78% to +133% 
Shear +0% to +3% -1% to +6% 
Timoshenko -1% to +2% -1% to +6% 
 
 
1.2.1.1.2 Straight beams traversed by moving loads 
It is pointed out that the beam-type structures are very common in engineering 
settings; on the other hand, it should be noticed that most of the structures are subjected 
to time and space varying loads. The studies show that dynamics of the structures, i.e. the 
transversal deflection and stresses, etc., in such a case are considerably higher than those 
observed with the stationary loads; consequently, the structures under dynamic loading 
have been the centre of interest for the last few decades. Based on what has been 
discussed, the dynamics of beam-type structures is a well-known topic and numerous 
studies have been done on it. The dynamic loading can be categorized to three main 
groups: constant moving load, moving mass and moving vehicle. Both moving constant 
load and moving mass are the simplified models of moving vehicle on the bridge. It 
should be noted that for the simplest model, moving constant load, the inertia of the 
vehicle and the interaction between the vehicle and the bridge are neglected. The other 
method, moving mass, improves the model and takes the vehicle-bridge interaction and 
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the inertia of the vehicle into account while ignores the bouncing effects of the vehicle on 
the interaction. Therefore, the latest groups of the modeling, which are more inclusive, 
are presented. The models contain a series of mass-spring-damper dynamic systems, at 
which the detailed consideration of the vehicle-bridge dynamic interaction is provided. In 
fact, the moving vehicle on the bridge is observed as moving series of mass-spring-
damper systems on the beam. In this section a literature review on each of these 
categories is presented.  
Perhaps the most common and simplest type of moving loads on the beam is constant 
moving load. Dmitriev studied the transverse vibrations of a three-span beam, traversed 
by a moving load, employing the classical beam theory and analytical approach to the 
question [7]. Olsson applied Euler-Bernoulli beam model and studied the dynamics of a 
beam subjected to a constant force moving at a constant speed and presented analytical 
and finite element solutions for the problem [8]. Timoshenko beam theory as the most 
accurate theory for describing the beam dynamic behavior was employed by many 
researchers in order to describe the beam behavior while subjecting to a moving load. 
Florence [9] obtained the short time transit behavior for a semi-infinite Timoshenko beam 
traversed by concentrated constant moving load using Laplace transform method. 
Mackertich employed the Timoshenko beam theory and studied deflection of the beam 
traversed by moving load with different speeds [10]. Wang  analyzed the multi-span 
Timoshenko beams subjected to a concentrated moving force by using the mode 
superposition method and made a comparison between the Euler-Bernoulli beam and 
Timoshenko beam [11]. Zheng et al. analyzed the vibration analysis of a multi span non-
uniform beam subjected to a moving load. To do so, he used Hamilton‟s principle based 
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on the Euler-Bernoulli theory. In his study numerical results for both uniform and non-
uniform beams under moving loads of various velocities are presented [12]. Younesian et 
al. [13] examined the vibration analysis of a Timoshenko beam, with arbitrary boundary 
conditions, traversed by moving loads. 
In addition to simple constant moving load traveling on the beam, the beam traversed 
by moving mass has been the centre of interest for many researchers. Jeffcott [14] studied 
the beam traversed by a moving mass for the first time and considered the inertia effects. 
Stanisic and Hardin [15] studied the simply supported beam traversed by arbitrary 
number of moving masses using Fourier technique. In 1970, Leach and Tabarrok [16] 
were the first team who worked on the Timoshenko beam dynamic response traversed by 
a moving mass. They provided their results for different boundary conditions. Ting et al. 
[17] developed an algorithm to solve the problem of the dynamic response of a finite 
elastic beam traversed by a moving mass. They presented the results in comparison with 
the experimental results. Later in 1987, Sadiku and Leipholz [18] examined different 
continuous systems, such as beams and frames, traversed by moving masses. They 
compared the results of the systems traversed by moving masses with the systems 
subjected to moving constant forces. Akin and Mofid [19] studied a thin beam traversed 
by a moving mass. They have demonstrated the transformation of the governing 
equations of a beam traversed by a constant moving load into a new solvable series of 
ordinary differential equations. Esmailzadeh et al. [20] studied the analytical solution for 
an Euler-Bernoulli beam dynamics under a uniform partially distributed moving mass. 
Lee [21] studied a Timoshenko beam traversed by a concentrated moving mass and 
compared the results with those of the beam subjected to a moving constant force. The 
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maximum midpoint deflection of the beam subjected to a moving mass is shown to be 
higher than that of a beam subjected to a moving constant force. Michalosos et al. [22] 
studied the effects of moving load on a simply supported beam when the beam mass is 
considered. Esmailzadeh et al. [ 23 ] improved their earlier work and presented an 
analytical solution for Timoshenko beams subjected to traveling mass using the Galerkin 
method. Beside the analytical analysis, many researchers have applied the finite element 
method in order to study the beam dynamic behavior traversed by moving loads. Lou et 
al. [24] examined a finite element analysis of a Timoshenko beam subjected to a moving 
mass, while Hino et al. [25] performed the same analysis but for different load types. 
Although the moving mass model considered the vehicle-bridge interaction and the 
inertia of the vehicle, it ignored the bouncing effects of the vehicle on the wheels 
interaction with the beam. Therefore, a more complete and accurate model was required. 
Furthermore, by the extensive growth in the number of heavy and articulated trucks and 
high-speed vehicles in highway and railway passage, more studies focused on the 
vehicle-bridge interaction. The simplest approach to model a vehicle is to assume that the 
forces, due to the wheel-bridge interaction are constant; in other words, the beam is 
subjected to two moving constant loads. Although this approach considers the effects of 
two loads with the fixed distant on the beam, but it ignores the vehicle inertia and the 
vehicle-beam interaction, as well. Wen [ 26 ] in 1960 improved that approach by 
considering the vehicle as a sprung mass with two axles. He investigated the typical 
uniform beam dynamic response while subjecting to the moving sprung mass. In fact, by 
considering the vehicle as a sprung mass with two axles, the effects of vehicle inertia and 
vehicle-beam interaction are considered along with the effects of the moving loads. Fryba 
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[27] improved Wen‟s model and formulated the differential equations of motion of a 
typical beam traversed by sprung masses with one, two and multi axles using 
d‟Alembert‟s principle. The results for all three cases were compared and the effects of a 
number of axles were investigated. Hwang et al. [28] and Yang et al. [29] improved the 
model and increased the degree of freedom of the vehicle. Yang et al. also investigated in 
the truck modeling and increased number of axles for the vehicle to five axles. 
Esmailzadeh and Jalili [30] increased the vehicle degrees of freedom and considered the 
dynamics of the driver and passenger masses as well as their seats suspension systems. 
The presented vehicle model was a half-car planner model travelling along a simply 
supported Euler-Bernoulli beam. The beam dynamic response and the vehicle 
components bounce (tires, body, passenger, and driver) were observed. 
 
1.2.1.2 Curved beams 
1.2.1.2.1 Free vibration of curved beams  
Unlike the straight beams, the governing equations of motion for curved beams are 
not only dependent on the rotation and radial displacement, but also on the coupled 
tangential displacement caused by the curvature of the structure [31]. Moreover, a third 
variable plays a major role in formulations of the curved beam, which is the extensibility 
of the arc axle. The axial extensity is a term that considers the increasing and decreasing 
the beam length. By considering the axial inextensibility the curved beams become more 
stiffed, and hence increase the calculated natural frequencies. Moreover, based on the 
study presented by Chidamparam and Leissa [32] and Chidamparam [33], this increase is 
quite considerable, in particular for shallow arches. It should be noted that the effects of 
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rotary and shear inertia can be considered both in curved beam and straight beam; 
therefore, four different beam theories which stated in Table 1.1 are valid for curved 
beam as well. 
Generally, the curved beam vibration analysis can be categorized in three groups: (1) 
including the axial extensity, shear and the rotary inertia, (2) including the axial extensity 
but excluding the shear and rotary inertia, (3) excluding the axial extensity, shear and the 
rotary inertia. Archer [34] was the first to study the dynamics of curved beams utilizing 
the Euler-Bernoulli beam theory, while ignoring the axial extensity. He also studied the 
in-plane vibration of an incomplete circular ring using the fundamental equations given 
by Love [2] with an additional term for the structural damping. Pereira [35] and Wung 
[36] neglected the effects of axial extensity, shear deformation and rotary inertia and 
investigated the free vibration of curved beams. Later, Auciello and Rosa [37] examined 
a new approach to derive the governing equations of a curved beam ignoring the effects 
of shear deformation and rotary inertia. They assumed the curved beam is incompressible 
and neglected the axial extensity. Wolf [38] employed 99 straight elements to analysis the 
free vibration of elastic circular arches ignoring the effects of shear deformation but 
considering rotary inertia effects. Veletsos and Austin [39] considered the extensibility 
and ignored the effect of the shear deformation and the rotary inertia of the curved beam 
and assumed that the tangential displacement is not the function of the radial 
deformation. The numerical solution for the first eight natural frequencies of a curved 
beam is given in [40]. They also studied the effects of previously neglected factors 
(rotary inertia and shear deformation) on the curved beam dynamics [41] and compared 
the natural frequencies obtained with and without considering the rotary inertia and shear 
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deformation. The condition, under which these factors can play a major role in the beam 
dynamic response were investigated and a simple approximated procedure to estimate the 
natural frequencies of the arches was proposed [41].  
Irie et al. [42] presented the natural frequencies of in-plane vibrations of circular 
curved beams with uniform cross-section under all combinations of conventional 
boundary conditions, considering the effects of rotary inertia and shear deformation -the 
Timoshenko beam theory- and transfer matrix method. Issa et al. [43] presented a unified 
theory that employs Timoshenko theory and considers the extensional effect of the 
neutral axis and derived the general dynamic stiffness matrix for a circular curved beam 
in terms of rotational and translational displacements. Eisenberger and Efraim [ 44] 
observed the exact dynamic stiffness matrix for a circular curved beam with a uniform 
cross-section. Using this matrix, they obtained the natural frequencies of the curved beam 
with different boundary conditions and compared their results with other studies.  
 
1.2.1.2.2 Curved beams traversed by moving loads 
Tan and Shore [45] applied the modal superposition method to study the dynamic 
responses of a simply supported thin curved beam subjected to a moving load. They 
improved their work in their later publication [46] and investigated on the horizontally 
curved beam subjected to a moving mass load. They studied on the effects of the 
curvature angle on the beam response and the effects of the moving mass velocity. Joseph 
and Wilson [47] conducted an experimental study on the vibrations of curved beams 
traversed by continuous moving loads. Yang et al. [48] improved previous studies and 
invested on the horizontally curved beam dynamic response due to the moving constant 
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force and moving mass for two different cases: vertical moving loads and horizontal 
moving loads. Their work was based on Euler-Bernoulli beam theory, which neglects the 
effects of rotary inertia and shear deformation.  
Chu and Pinjarkar [49], Rabizadeh and Shore [50] studied the curved beam dynamic 
response due to different moving loads using finite element formulations. Huang et al. 
[51] studied the curved beam dynamic response due to the moving sprung masses. 
Recently, Huang et al. [52] developed an accurate solution for the curved beam dynamic 
response subjected to moving loads using the Laplace transform technique. Wu et al. [53] 
defined a hybrid curved beam as a curved beam with a straight part and analyzed both the 
hybrid curved and curved beams responses due to a moving load.   
 
1.2.2 Introduction to tuned mass damper (TMD) 
1.2.2.1 What is TMD and how does it work? 
 There are different sources of vibration in industrial environments such as engines, 
compressors, and motors; transportation vehicles such as trucks, trains, and aircraft. In 
general, with the presence of force, in any kind, and energy restoring system, such as 
springs, the oscillation phenomenon occurs. The existence of vibration often leads to 
extreme wear of bearing, crack formation, fastener loosening, undesired structural 
failures, and frequent and costly maintenance of machines. Furthermore, humans‟ 
exposure to vibration leads to pain, discomfort, and low efficiency. Therefore, it is 




Generally, vibration control can be categorized in two broad groups: 
 Active control 
 Passive control 
Active control of vibration employs active controllers, and usually utilizes actuators 
to apply external force to the system in order to control the vibration. Although active 
controllers work very accurate, the main disadvantage of these systems is that they 
require an external energy source to supply actuators. The other disadvantage of the 
active controllers is their complicity, which lead to high manufacturing cost. 
Contrarily, passive devices, by definition, do not require external power for the 
operation. There are two types of passive controllers to control the mechanical vibration: 
dynamic vibration absorbers (DVA), and tuned-mass-dampers (TMD). The only 
difference between the TMD system and DVA is the presence of the damper in TMD 
system. Both devices are tuned to a frequency of vibration of a mechanical system 
(primary system) and are able to absorb significant portion of the vibration energy from 
the primary system at that frequency. The resulting vibration of the device applies an 
oscillatory force opposite to the direction of the primary system vibration in each cycle; 
hence, it cancels the effects of the primary system vibration, virtually. Theoretically, an 
optimal device can completely suppress the primary system vibration, while it undergoes 
vibratory motion [55]. 
As discussed, the difference between TMDs and DVAs is the presence of the damper 
in TMD system. In fact, the tuned-mass damper is an efficient passive vibration 
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suppression device that contains a mass, a spring, and a viscous damper. Figure 1.1 











Figure 1.1. TMD system attach to primary system 
 
Since TMD devices are tuned for a particular frequency, their efficiency highly 
depends on their parameters, such as stiffness coefficient (    ), damping coefficient 
(    ), and mass (    ). It is important to tune them before installing these systems. 
Regarding the fact that the optimized parameters are different from one system to 
another, finding the best combination has been the most important research subject on 
TMDs. It should be noted that the first optimization method of TMD parameters was 
introduced by Den Hartog in 1985 in his book [56]. 
 
1.2.2.2 TMD applications 
Generally, tuned-mass-damper systems can be employed to any system, at which the 
undesired vibration exists. However, due to the fact that the TMD system is efficient in 
certain range of frequencies, it is mostly utilized for such a system with certain working 
frequency. Many researchers have investigated the effectiveness of TMDs in civil 
engineering settings, buildings and bridges in particular. 
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In 1977 tuned mass damper system was installed on John Hancock building in Boston 
in order to control wind-induced vibration of the building [57]. Since then, TMD system 
has become a major device in the vibration control of civil engineering. Kwok 
investigated the effect of TMD in increasing the damping of The Sydney Tower in 1984 
in order to suppress the wind-induced vibration of the building [58]. Clark went one step 
forth and studied multiple tuned mass damper attached to buildings and their efficiency in 
suppressing earthquake induced motion. He stated that the significant motion reduction 
was achieved using the multiple tuned mass dampers [59]. Chang investigated a new 
approach to find the optimal design for TMD attached to buildings under wind force [60]. 
Nishitani and Inoue [61] in 2001 reviewed the TMD application in Japanese buildings. 
They reported that TMD systems have been installed to more than 30 buildings in Japan 
since then. According to them, most of the installed TMDs have performed efficiently 
and suppressed both the wind-induced and earthquake-induced vibration, significantly. 
The other major application of tuned-mass-damper systems is to suppress the 
vibration of the bridges caused by various applied forces. This particular TMD 
application will be discussed in details in the following section. 
 
1.2.3 Beam Vibration suppression using TMD 
As discussed earlier, usually bridges are modeled as beam structure. Beam vibration 
suppression using tuned mass dampers can be categorized into two major groups based 
on the nature of the loading on the beam: Stationary loading, moving loading.  
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The idea of using TMD in order to control the vibration of continuous systems, such 
as beams, dates back to 1952 when Young [62] investigated the prospect of utilizing 
TMDs for the beams. Neubert [63] utilized two TMDs to control the deflection at the first 
two resonances of a bar. Jacquot [64] developed a technique that provides the optimal 
dynamic vibration absorber parameters to eliminate the excessive vibration in sinusoidal 
forced Euler-Bernoulli beams. Klasztorny proved that TMD systems are quite effective in 
developing harmonic forces applied at a fixed point on the beam [65]. Esmailzadeh and 
Jalili [66] investigated the optimal design procedure of the vibration absorbers for a 
Timoshenko beam under distributed harmonic force. Younesian et al. [67] developed a 
method to optimize a tuned mass damper system attached to a Timoshenko beam in order 
to suppress the induced vibration from distributed random excitation. 
The vibration control of continuous systems subjected to a moving load started by 
late 1980. By considering a moving load instead of stationary load, one can achieve more 
accurate and realistic results for the real world concerns, such as bridges. Kajikawa et al. 
[68] utilized a tuned mass damper system on highway bridges. However, they concluded 
that TMD system cannot work efficiently on the bridge, the load frequency changes 
dramatically by the traffic flow. Kwon et al. [69] studied the effectiveness of a TMD 
system attached to high-speed railway bridge with three spans built in Korea. They 
installed the TMD system in the middle of the bridge and proved that the TMD was able 
to suppress the bridge deflection amplitude considerably during the passage of the French 
T.G.V. train. A tuned-mass-damper attached to a Timoshenko beam subjected to moving 
loads is studied [70]. They simplified the system to two DOF systems and utilized modal 
expansion method in order to design the optimal TMD and concluded that the attached 
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TMD suppressed the beam vibration significantly. Wang et al. [71] utilized a tuned-mass-
damper to suppress the bridge vibration due to moving train and used the classical beam 
theory to model the bridge. The moving train was treated in three different ways: 
sequences of forces, masses, and sprung masses, moving with a constant speed. The 
modal superposition was employed in modeling the effects of the series of the loads and 
obtaining the numerical results. By comparing the numerical results either with or 
without the attached TMD for the beam midpoint acceleration, vertical displacement, and 
the train traverse acceleration, Wang et al. showed that the attached TMD was quite 
efficient for the system. They expanded their study [72] later and utilized multi tuned 
mass damper system to suppress the train induced vibration. They investigated the TMD 
efficiency for all three types of train models. They concluded that using multi-tuned mass 
damper systems has the capability of suppressing the vibration in wider frequency rage 
than single TMD system.  Yang et al. [73] presented the tuned mass system application in 
vibration control of elastically supported beams subjected to a sequence moving loads. 
They employed the Euler-Bernoulli beam theory in order to model the beam and 
concluded that the attached system can be efficient if one keeps the mass ratio to the 
value of one.  Yang et al. [74] presented the TMD system application on vibration control 
of curved beams. Yang et al. investigated on the effectiveness of TMD systems in 
suppressing the vibration of a non-uniform curved beam under random loading. They 
employed the Timoshenko beam theory, i.e. including shear deformation and rotary 
inertia, as well as axial extensity. They improved their previous work and studied the 
multi-TMD systems and their effectiveness on vibration suppression of curved beam 
structure [75].  
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1.3 Present study 
Based on what presented in the literature review section, it can be observed that 
although many researchers investigated the vibration suppression of straight beam 
subjected to external loading, the studies on the TMD application for suppressing the 
vibration of the curved beam subjected to external loading are limited to a few published 
papers, which are mainly focused on vibration control of curved beam subjected to 
stationary loading. Hence, one of the major objectives of this study is to examine the 
vibration analysis of the curved beam traversed by moving loads, as well as exemplify 
the effectiveness of TMD system on suppressing the curved beam induced vibration due 
to the moving load. The other major objective of the present study is to develop a new 
TMD system design that is capable to suppress both flexural / torsional vibration of the 
straight and curved beams while traversed by off-central moving load.   
 
1.4 Thesis organization 
The present thesis main goal is to study the vibration suppression of straight and 
curved beams traversed by different types of loads, which includes modeling the beam, 
the Tuned Mass Damper (TMD) and also optimizing the TMD system parameters. In 
doing so, the problem is tackled step by step by breaking down the issue into simpler 
problems. Hence, the thesis is divided into two major parts. In the first part, the vibration 




As stated in the literature, if the beam cross-sectional dimensions are not small 
compared to the length of the beam, it is critical to consider the effects of rotary inertia 
and shear deformation, i.e. Timoshenko beam theory. On the other hand, it has been 
proven that Timoshenko beam theory provides the closest results to the reality among all 
mentioned beam theory. Thus, the employed beam theory in this study is set to be 
Timoshenko beam theory. 
In the first part, the dynamic response of the straight Timoshenko beam subjected to 
different moving load types are presented. Additionally, the optimal design of TMD 
system in order to suppress the induced vibration of the beam traversed by a six DOF 
moving vehicle is studied. Off-centre moving loads on the straight beam are presented 
and a novel TMD design is introduced to suppress both flexural and torsional vibration of 
the beam.  
First, in Chapter 2, the dynamic response of Timoshenko beam subjected to single 
moving load and the beam traversed by moving mass are discussed. Drawing upon the 
literature, the results for both cases are compared and validated. Moreover, a 
comprehensive sensitivity analysis is carried out on the straight Timoshenko beam 
traversed by moving load with and without the presence of the base random excitation. 
The effects of different items such as: boundary conditions, cross-sectional shapes, and 
elastic supports on the beam dynamic response are studied. 
The goal of Chapter 3 is to present the straight beam dynamic response subjected to 
moving vehicle. Initially, the straight Timoshenko beam traversed by single DOF moving 
sprung mass is studied. The numerical results and modeling are presented. In the next 
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step, the beam response to the moving double load system with constant distance is 
presented. In fact, each load represents one of the wheel-bridge contact loads, which is 
simplified by considering it as a constant force. In the last step, the study on the straight 
beam traversed by moving vehicle is carried out. The results for all the steps are validated 
by the available literature. 
Chapter 4 presents the design procedure and results of an optimal tuned mass damper 
in order to control the vibration of straight beam traversed by moving vehicle. Firstly, the 
theory and formulation of the beam with the attached TMD is presented. Moreover, the 
optimization fundamentals and the utilized optimization method are discussed. Finally, 
the proposed optimization problem is discussed and the numerical results are presented. 
Chapter 5 introduces off-centre moving loads, which move not on the centre of the 
beam. Technically, the main difference between off-centre moving loads and centre 
moving loads is that the off-centre moving loads produce flexural and torsional deflection 
in the same time. A novel approach is presented in this chapter to suppress both flexural 
and torsional vibration of the beam traversed by off-centre moving load. The numerical 
simulation is carried out and the numerical results are presented.  
 As noted earlier, the second part of the thesis provides the study on the curved 
Timoshenko beams. In Chapter 6, the geometry and the modeling of curved beam are 
discussed. The goal of this chapter is to familiarize the reader with the curved beam 




In Chapter 7, the dynamic response of curved beams traversed by moving loads is 
examined.  The same developed techniques, which are explained in the first part of the 
thesis, are utilized in order to obtain the dynamic response of the curved beam due to the 
moving constant load. A sensitivity analysis is carried out in order to investigate the 
effects of the curvature angle on the beam dynamic response. Chapter 6 is followed by 
studying the curved beam dynamic response due the moving of a six DOF vehicle. The 
numerical results for the curved beam and the vehicle components are presented. Finally, 
the optimal design of tuned mass damper system is presented in order to suppress the 
vibration of the curved beam traversed by the moving vehicle. The proposed optimization 
problem is provided and the numerical results are provided. 
The aim of Chapter 8 is to examine the effectiveness of the designed TMD systems in 
Chapter 5. The off-centre moving loads are applied on curved beam and the proposed 
approach is taken in order to suppress the flexural and torsional vibration of the curved 
beam traversed by moving loads. The numerical solution is carried out and the results are 
presented. 
It should be noted that all the simulations in the present study are checked to ensure 
the plastic deformation does not occur. In other words, all the simulations are in the 






Bridge represented as straight beam 
 
Introduction 
In this part, bridges are modeled as straight beams. The purpose of this section is to 
present three different models of moving load in ANSYS© and to study the dynamic 
response of straight beams subjected to different types of loading. The proposed methods 
are validated using the results reported in literature. 
Initially, the dynamic response of Timoshenko beam subjected to a single moving 
load is presented as well as the beam traversed by a moving mass. Secondly, the study on 
the straight Timoshenko beams traversed by the single DOF moving sprung mass, double 
loads, and the six DOF half-car planner has been carried out. Moreover, an optimal 
design of TMD system is presented, which is capable of suppressing the straight beam 
vibration due to a moving vehicle. Finally, a novel approach is presented to suppress the 






Chapter 2  
Moving single force or mass on Timoshenko beam 
 
2.1. Introduction 
This chapter presents the dynamic response of the straight beam traversed by time 
varying point forces/moments and a moving mass. Modeling the moving vehicle as 
moving nodal loads and moments has some advantages. For example, the modeling is 
very simple and it does not require too much time and power to be solved, while it is 
relatively accurate. However, the interaction between the vehicle and the beam is 
completely ignored. The more accurate model is to simulate the vehicle as a moving 
mass, which the mass inertia and the contact are considered. 
In the early stages of this study, it was discovered that ANSYS© finite element 
package could be problematic for modeling a moving nodal force. Since the force should 
be placed on a node (not between them), too many nodes are required to achieve smooth 
movement of the load on the beam. It should be noted that this method is called simple 
method in this study. Alternatively, two other methods are employed, in which the 
number of nodes could be reduced greatly in comparison with simple method. The first 
method, exact method, involves applying time varying nodal forces and moments to the 
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nodes of the element on which the moving force is located. To find the relation between 
forces and moments, classical beam theory is applied. It should be noted that although 
Timoshenko beam elements are employed for this study, classical beam theory is utilized 
to simplify the operation of finding the forces and moments relation. This simplification 
does not interface with the effects of rotary inertia and sheer force (Timoshenko beam 
theory). For the second alternative method, ANSYS© node-to-surface contact element 
(CONTA175) is introduced. The contact node is created with zero mass and constant 
force is applied to model the vehicle loading. Appling time-varying constraint on X 
direction (along the beam), one can move the contact node with constant velocity on the 
beam. The main advantage of this method is that it is expandable to any other type of 
loadings, e.g. moving sprung mass, moving vehicle, etc. 
The numerical results for the moving constant load are presented for all three 
presented methods. They are compared with the available literature, which shows good 
agreement between the results. Moreover, the same method is utilized to model the 
moving mass along the straight Timoshenko beam and the results are validated using 
available literatures.  
With the aim of understanding the effects of different parameters of the beam on its 
dynamic response, a comprehensive sensitivity analysis is carried out. The analysis 
consists of two major parts: The beam supported by rigid foundation, and the beam 
subjected to random base excitations. For both cases, the effects of different boundary 
conditions, different cross-sectional shapes, and the span length are examined. For the 
beam on the rigid foundation, the effects of elastic supports are examined and the 
numerical results are presented.   
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2.2. Single moving force 
2.2.1. Formulation and development of single moving force 
As it is stated in the literature review chapter, four different beam models exist, which 
Timoshenko beam model is the most accurate and reliable one among them.  Hence, 
Timoshenko beam theory has been employed in this study. For a typical uniform 
Timoshenko beam, illustrated in Figure 2.1, the governing equation of motion for the 
forced vibration could be expressed as 
  
   
   
   
   
   




   
      
 
   
  
   
   
  
  
   
   
   
 
  
   
   
   
     (2.1) 
where E is the elasticity modulus of the beam, I is the second cross-sectional area 
moment,   represents the beam density, A is the beam cross-sectional area, G is the sheer 
modulus, and k is Timoshenko sheer coefficient which is 5/6 for a rectangular cross-
section beam. x is the distance measured from the origin at the left end of the beam, t is 
the time with the origin at the instant the load arrives on the beam, and w is the beam 





Figure 2.1 A typical Timoshenko beam subjected to time varying external load 
 
In equation (2.1), term f is the external force which is function of x and t. For the case 
of constant moving point force, one can model the force using Dirac function: 
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 (   )     (    ) (2.2) 
where    is the force magnitude acting on the beam, and v is the constant velocity of the 
moving load. The Dirac delta function can be expressed as the distributional derivative of 
the Heaviside function   (    ) which is described below: 
  (    )  {
                   
                   
 (2.3) 
By taking the distributional derivative of Heaviside function, one can express Dirac 






















Figure 2.2 (a) is Heaviside function and (b) is Dirac function when     
 
2.2.1.1. Simple method 
The Simple method involves by applying the time variable load on the beam, in which 
the constant force moves along the beam. To make the movement on the beam, the force 
is deleted from the previous node and is placed on the next node within an appropriate 




Figure 2.3 Simple method loading 
 
Figure 2.3 illustrates the beam under moving load, using the simple method. As it is 
shown, although constant force F is applied at node 3 at time       , it was on the 
previous node at       t and will be on the next node after  t second. In the other 
word, the force is travelling on the beam with a constant velocity of        ⁄ , where    
is the element‟s length. It should be noted that proper approach in coding is needed to 
ensure that the force travels on the beam with the desirable constant velocity. 
Obviously, by increasing the number of nodes, more smooth movement of the force is 
achieved. Although simple method is a very handy and easy-to-apply approach, it has a 
major disadvantage. Since the force must be applied on the nodes, more number of nodes 
is required to obtain a desirable and smooth movement of the force. On the other hand, 
having too many nodes may cause solving complicity, which requires much time and 
power to solve the system equations. In order to overcome the problem, two other 
methods, namely the exact method, and the ANSYS© contact method were developed. 
2.2.1.2 Exact method 
As stated in the introduction, the classical beam theory is applied to find the time 
variable forces and moments applied on the nodes belonging to the element, on which the 
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force acts. When point force F is applied to an element, shown in Figure 2.4, the applied 









Figure 2.4. The equivalent forces of the element on which the point force acts 
 
The beam element has four degree-of-freedom. Therefore, a cube deflection function 
 (   ) having four coefficients (           ) is required. 
            
     
  (2.4) 
Based on thin beam theory, one can find the slope at each node by taking the first 




             
  (2.5) 
One could state the boundary condition equations as given below 
     and              
(2.6) 
     and               
where   ,   ,    , and     are the nodal deflections and rotations at x=0 and x= l, 
respectively. 
By substituting Equation (2.6) into Equations (2.4) and (2.5), the four equations for 
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substituting Equation (2.8) into Equation (2.4), and factorizing for the variables: 
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   ( )     ( )     ( )      ( )    
(2.9) 
where   ( ) (for i=1 … 4) are known as the shape functions. Lin et al. stated that one 
may use the same shape functions to find the equivalent nodal forces and moments 
applied at the nodes belonging to the element on which the moving load acts [76]. 
According to their work, all the loads and moments acting on the elements, shown in 
Figure 2.4, could be presented in the matrix form as: 
{ ( )( )}  ,  
( )( )  
( )( )   
( )( )  
( )( ) -   * + (2.10) 
where 
* +  ,  ( )  ( )  ( )  ( )-
  (2.11) 
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and   ( ) (for i = 1 … 4) are the same shape functions introduced in Equation (2.9) and 
could be rewritten as 
  ( )      
       
(2.12) 
  ( )  (    
    )    
  ( )    
        
  ( )  (  
    )   
where   
 
 
. Note that l and x are the respective element length and the distance along 
the element to the force. Wu et al. applied the same shape functions and introduced a 
method to find the acting forces and moments on the nodes due to moving load in a finite 
element software package, such as ANSYS© [77]. 
Although it will be shown later that both the proposed methods, i.e., the simple 
method and the exact method, would share the same results but the exact method has a 
major advantage over the simple method. Since the moving load on the beam in the exact 
method can travel without jumping from one node to the next, the number of required 
nodes to achieve smooth movement of the force can be reduced, considerably.  
In summary, the advantages and disadvantages of the two proposed methods have 
been compared and presented below. 
Simple method:  
 The force should be placed on the defined nodes and not in 
between them. Therefore, to generate a smooth and reliable 
load movement, large number of the nodes is required. 
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 Having so many nodes in the model may increase the solution 
time. 
 The method is not applicable to model a moving vehicle. 
Exact method: 
 Although the load could be placed in between the nodes in this 
method, but the complicity of deriving the shape functions may 
cause some problem in more complicated element types. 
 The proposed method is not expandable. 
Due to the disadvantages discussed above, one needs to propose another method to 
solve the above-mentioned problems.  
 
2.2.1.3. ANSYS© contact element method 
To accomplish this method, the node-to-surface contact elements (CONTA175 and 
TARGE169) in the ANSYS© commercial package has been introduced. Utilizing this 
method facilitates the placement of the force in between the two nodes, which was not 
possible in the simple method. To model the moving load as a contact point force in the 
ANSYS©, a mass-less node is defined as a contact point between the load and beam. A 
constant force is attached to the mass-less node. It should be noted that contact between 
the node and the beam is defined somehow that the node cannot penetrate in the beam 
elements. On the other hand, using xf =v.t constraints would make it possible to move the 
node along the beam with a constant velocity. Figure 2.5 illustrates the mass-less node 
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with the attached force connected to the beam elements using the node-to-surface contact 
method in ANSYS©. 






Figure 2.5 Mass-less node with a point force attached 
 
2.2.2. Numerical results and validation  
To validate the developed modeling and process, an example is solved using the 
ANSYS© contact element method and the results were compared with those available in 
literature. Doing so, 20 Timoshenko elements, BEAM189, are employed to model the 
beam. Mackertich has employed an analytical method to find the Timoshenko beam 
response subjected to travelling load [10]. The beam is traversed by a constant magnitude 
moving load with the hinged boundary condition at both ends with the properties listed in 
Table 2.1. 
 
Table 2.1 Properties of the Timoshenko beam [10] 




Cross-section area 3 m
2
 
Second moment of area 2.25 m
4
 
Shear coefficient 5/6 





The time history of the ratio of the dynamic deflection over the maximum static 
deflection for the beam midpoint is calculated. Two different load speeds are studied and 
the results are compared with Mackertich‟s work. Figures 2.6 and 2.7 illustrate the 
performance of the beam, traversed by the moving load, for velocities           and 
         , respectively, where     is the critical speed of the beam. The first critical 
speed of a moving force across the beam is shown to occur when the load traverses the 
beam in a time that it takes for the first natural frequency through half of its period. Thus, 
the moving load with the beam critical speed would generate high values of deflection in 
the beam.  
    




The results show that the proposed ANSYS© contact element method is in good 
agreement with Mackertich‟s [10] analytical solution for both load speeds. 
 





Figure 2.7 Comparison between FEM and Ref. [10] for           
 
In present study, the Timoshenko beam is modeled using Timoshenko beam elements 
with four nodes per element, which two of them are the gathering data nodes and the 
other two determine the beam cross-sectional shape direction. To ensure that the beam 
modeling is correct, a typical Timoshenko beam is selected from the literature with the 
properties listed in Table 2.2.  
 
Table 2.2 Properties of the Timoshenko beam [13] 
Elastic modulus (concrete) 29.43 GPa 
Shear modulus (concrete) 24.50 GPa 
Mass per unit length 36.056 kg/m 
Cross-sectional area 7.94 m
2
 
Second moment of area 8.72 m
4
 
Shear coefficient 0.83 
Beam damping ratio 1% 





The first three natural frequencies are calculated using ANSYS© finite element 
package, and are compared with those presented by Younesian et al. [13] for the selected 
Timoshenko beam. It is shown that the results from the finite element method are in a 
good agreement with the results of Younesian et al., presented in Table 2.3.  
 
Table 2.3 First three natural frequencies of the beam with hinged-hinged boundary 
condition 
 ω1 (rad/s) ω2 (rad/s) ω3 (rad/s) 
Younesian et al [13] 16.090 60.546 125.072 
Finite element method 16.210 61.106 127.831 
 
 
Since the modeling is validated, the behavior of Timoshenko beam traversed by a 
single constant load should be examined. To do so, the selected Timoshenko beam is 
considered and the dynamics of the beam is studied using all three presented methods. It 
should be noted that the number of the employed elements to model the beam for Simple 
method, Exact method, and ANSYS© contact element are 100, 10, and 20, respectively. 
Figure 2.8 illustrates the beam midpoint deflection, velocity, and acceleration in vertical 
direction that is perpendicular to the beam surface. The load magnitude for the study is 
considered to be 200 kN with its speed of 20m/s, which is far from the beam critical speed 




Figure 2.8(a) The beam midpoint deflection with the three presented methods 
 
  




Figure 2.8(c) The beam midpoint acceleration with the three presented methods 
 
Figure 2.8 The beam midpoint dynamic response with the three presented methods 
 
Figure 2.9 illustrates the bending moment and shear force plotted for the beam 
midpoint. The bending moment increases in a sinusoidal manner; however, it decreases 
after the load passes the midpoint at time = 1sec. Consequently, the shear force increases 
till the moment that the force reaches the midpoint, and then it reduces rapidly to the 
same magnitude in the negative direction and ends with zero magnitude at time=2sec.  
It is shown that since the loading is relatively simple, there is no major difference 
between the results obtained from all three methods. However, due to the fact that the 
final goal is to model a moving vehicle, the ANSYS© contact element method has been 
used for all simulation. It should be noted that the proposed method is reliable and also it 















2.3 Single moving mass 
2.3.1 Introduction 
As it has been pointed before, moving loads produce larger beam deflections and 
stresses than when the same load acts statically. Therefore, structures subjected to 
moving loads have been the centre of investigation for several years. Single constant 
moving load on a beam has been discussed earlier, and the dynamic responses of beam 
have been studied. The modeling and simulation of beam traversed by a moving mass, as 
illustrated in Figure 2.10, has been studied in this section. The major difference between 
the beam traversed by a constant load and the one traversed by a moving mass is that the 
applied force on the beam for the case of moving mass is not constant and varies with 
time. Moreover, this force is a function of mass and the beam acceleration, which varies 






Figure 2.10 Timoshenko beam traversed by a moving mass 
 
In this section, the theory and the formulation of the beam traversed by moving mass 
are discussed and also the numerical example is solved. The numerical results are 




2.3.2 Theory and formulation 
The governing equation of the beam traversed by a moving mass is still the same as 
the one presented in Equation (2.1), but the term  , which indicates the applied force on 
the beam is not constant. Regarding Newton‟s second law, the force is equal to the mass 
times the absolute acceleration; therefore, one may conclude that the applied force on the 
beam due to the moving mass is equal to: 
    4   
   (   )
   
5 (    ) (2.14) 
where  (   )  indicates the beam deflection, which is function of the time and the 
location. It should be noted that   is the time with the origin of the moment that the mass 
arrives on the beam and   is the location with the origin of the left end of the beam. On 
the other hand,    presents the moving mass location on the beam, which could be 
expressed as      . The parameter   is the mass and   represents the gravitational 
acceleration. Note that the negative value indicates that the direction of the gravity 
acceleration is opposite to the positive direction of the beam acceleration, as shown in 
Figure 2.10. 
Noted that term       ⁄  is the total derivative [78] and could be presented as: 
   
   
 
   
   
   
   
     
   
   
   
 (2.15) 
where    designates the mass velocity as     ⁄ . Therefore, the governing equation of the 
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(2.16) 
 
2.3.3 Numerical results and discussion 
To ensure that the applied method is correct, a numerical example is solved. A typical 
Timoshenko beam with its properties listed in Table 2.4 is selected from literature. 
Table 2. 4 Properties of the Timoshenko beam [21] 
Elastic modulus (E) 207 GPa 
Shear modulus (G) 77.6 GPa 
Density ( ) 7700 kg/m3 





Second moment of area (I) πr
4
 / 4 m
4
 
Shear coefficient (k) 0.9 (circle) 
Beam length (L) 1 m 
 
 
It should be noted that   is the beam cross-sectional radius, which is found through 
the equation given by Lee [21]. A non-dimensional parameter, known as the Rayleigh 
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coefficient,        where   is the beam length, and the dimensionless parameter   , to 
describe the mass velocity along the beam as,         are given by Lee [21].  
As stated in his paper, a small value of Rayleigh‟s coefficient ( ) indicates that the 
beam is very slender and its dynamic behavior could be described by Euler-Bernoulli 
beam theory. Moreover, the mass acceleration has been checked to avoid any separation 
of the mass from the beam during the numerical simulation.   
Figure 2.11 illustrates the presented FEM method in comparison with the results 
presented by Lee [21] for the values of       ,       , and         . X axis in 
the graph indicates the normalized mass position which is defined as the position of the 
mass divided by the beam length (    ). Y axis, on the other hand, is the deflection ratio 
of the beam traversed by moving mass, which is defined as the deflection at the mass 
location due to the moving mass loading divided by the static deflection of the beam 
midpoint due to the equivalent static load acting at the mass location. 
The results in Figure 2.11 (a and b) show that the evaluated results using the 
presented FEA method is in good agreement with the results presented by Lee. Moreover, 
the amount of maximum error is obtained to be 5.4%. It can also be seen in Figure 2.11 
that there are significant difference between the beam deflection ratio under moving mass 
and the beam deflection ration under moving constant force, especially towards the 







Figure 2.11 Normalized deflection under the moving mass (solid line) , and the 





2.4 Moving load on the beam supported by rigid foundation 
2.4.1 Introduction 
Although many efforts have been placed on vibration analysis of beams with different 
boundary conditions, subjected to travelling loads, but few works were done on the 
sensitivity analysis of Timoshenko beams traversed by moving loads. The goal of this 
section is to present a comprehensive sensitivity analysis on Timoshenko beams 
subjected to moving loads.  The major concern of this section is to find how RMS value 
of deflection of Timoshenko beams is sensitive to different boundary conditions and also 
different cross sectional shapes while traversed by a travelling load. Moreover, elastically 
supported boundary conditions, which are more close to real world problems, have been 
studied as well as conventional ones. Most researchers have considered conventional 
boundary conditions in their works, however, in earthquake zones, elastic bearings are 
often used to isolate the bridge from the earthquake vibrations. Yang et al. [79] presented 
the vibration analysis of elastically supported beams traversed by moving loads. They 
also proposed a passive vibration control with the aim of vibration suppression of the 
beams. To show how elastic boundary conditions affect the results, four different 
configurations have been considered. Same Timoshenko beam is selected, which Table 
2.2 provides its geometrical and physical properties. 
 
2.4.2 Effects of different boundary conditions 
For the first analysis, the beams with different boundary conditions are considered, 
and the effects of boundary condition type on dynamic behavior of beam traversed by 
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moving load are studied. Three different conventional boundary conditions, namely 
hinged-hinged, hinged-clamped, and clamped-clamped, are considered and their effects 
on RMS value of beam deflection for different load speeds are studied. As it is presented 
in Fig. 2.12, the beam with hinged-hinged boundary condition has the higher value of 
RMS of deflection among all; additionally, it has the lowest critical speed. However, for 
high load speed there is no significant difference between three boundary conditions.  
 
Figure 2.12 RMS values of the beam deflections vs. load speed with three different 
boundary condition 
 
To understand how different boundary conditions affect the beam dynamic behavior, 
the dynamics of midpoint such as deflection, velocity, bending is studied. The result for 
midpoint deflection is illustrated in Fig. 2.13 It is shown that maximum value of 




Figure 2.13 Deflection of beam under moving load  
(---- clamped-clamped, -  -  - hinged-clamped, ••• hinged-hinged) 
 
2.4.3 Effects of different cross-sectional shapes 
The aim of this section is to describe how the beam cross-sectional shape affects 
dynamics of the beam traversed by a moving load. Three different cross-sectional shapes, 
namely, the rectangular, circular-solid, and the circular-tube, are considered, which share 
the same cross-sectional area. In the other word, the cross-sectional area is kept constant 
for all the three cases to compare the results regardless the beam weight. Note that the 
boundary condition for all three cases is the hinged boundary condition for both ends.  
RMS value of the beam deflection versus different load speeds are calculated, as 
illustrated in Figure 2.14. It shows that with the same cross-section area and boundary 
condition, rectangular cross-section beam has the best performance among them and 
circular solid one is the worst. Interestingly, the difference between critical speeds for all 
three cases is relatively small. As it is demonstrated in Figure 2.14, in high load speeds, 
all three cases behave relatively similar and there is no considerable deference between 




Figure 2.14 RMS value of deflections vs. load speed for diverse beam cross-sections 
 
The results for the beam midpoint deflection, Figure 2.15, show that with the same 
cross-sectional area and boundary condition, the circle-solid cross-section has the 
maximum midpoint deflection among all cases and the rectangular has the minimum. 
 
Figure 2.15 Deflection of beam under moving load with different cross-section 
 
2.4.4 Effects of elastic support 
It has been stated that in the earthquake-prone geographical zones, elastic bearings, 
shown in Figure 2.16, often used at bridge supports to suppress the induced oscillations 




Figure 2.16 Elastically supported Timoshenko beam 
 
Although, these devices are useful to isolate the bridge from the base vibration, they 
have one considerable drawback. When the bridge is subjected to moving loads, the 
elastic supports could weaken the superstructure performance; thus, it is important to 
study the elastically supported beam performance. The sensitivity analysis of RMS beam 
deflection values to load speed is carried out, for different spring and damping properties 
given in Table 2.5, and presented in Figure.2.16. 
 







Case (1)              
Case (2)             
Case (3)             
Case (4)             
 
 
In order to illustrate as how K and C values affect the beam dynamic performance, the 
RMS values of the deflection are calculated and presented in Figure 2.17.  
It is shown in Figure 2.18 that the effects of damping is quite significant for low 
spring coefficient values; however, it does not play a major role in suppression of the 
vibration due to the travelling force at higher values of spring constant. Therefore, when 
designing elastic bridges, one could choose intermediate values of K and higher values of 




Figure 2.17 RMS Values of the beam deflections vs. speed for different values of spring 
and damper coefficient 
 
 




2.5 Moving load on the beam subjected to random base excitation 
2.5.1. Introduction 
Besides the beam on rigid foundation that is discussed in previous section, some 
researchers are interested in the beam dynamic behavior subjected to random base 
excitation. The interest arises from two main sources of random excitations: earthquakes 
and wind loading on buildings, cranes, bridges, and many other mechanical structures. 
More recently, the application of such studies has been expanded in some new research 
areas, such as MEMS (Micro-Electro-Mechanical Systems) and also Nano-structures 
subjected to various types of random excitation. 
Although many researchers have studied beam dynamic behavior traversed by 
moving load, most of them have considered beam on rigid foundation in their works. The 
main objective of this section is to study Timoshenko beam dynamic behavior under 
travelling load and random base excitation that is applied on both ends of beam, as 
illustrated in Figure 2.19. The proposed ANSYS© contact element method is applied and 
Timoshenko beam elements are employed to model the moving load on Timoshenko 
beam under random base excitation. Three different conventional boundary conditions 
are studied and their effects on the beam behavior traversed by moving load and 
subjected to base excitation are observed, as well as effect of the different beam cross-
sectional shapes. Moreover, the sensitivity of dynamic behavior, such as deflection, 





Figure 2.19 Timoshenko beam traversed by moving load and subjected to random base 
excitation 
 
In order to analyze the influence of different parameters on the beam dynamic 
behavior, it is critical to ensure that all the parameters are kept constant for any 
simulation, but the parameter that its influence on the results is studied. To do so, a 
random base excitation is generated using the white noise function and the same function 
is applied for all the simulations (Figure 2.20). 
 
Figure 2.20 The generated time histories of the random base excitation 
 
To fulfill the analysis for the present work, the same Timoshenko beam is selected, 
which Table 2.2 provides the physical and geometrical properties of it. 
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2.5.2 Effects of different boundary conditions 
As stated before, three different conventional boundary conditions are considered, 
i.e., the hinged-hinged, hinged-clamped, and the clamped-clamped. The presented 
random excitation is applied on the both sides on the beam, as illustrated in Figure 2.20. 
The results for the beam midpoint deflection are illustrated in Figure 2.13. It is shown 
that maximum value of deflection occurs with hinged-hinged boundary condition for the 
beam subjected to random base excitation as well as the beam on the rigid foundation 
(Figure 2.21). Moreover, by comparison between Figures 2.13 and 2.21 one may 
conclude that the random base excitation influences on beam deflection with clamped-
clamped boundary condition is more than the other two. The reason is since the same 
base excitation is applied to all three cases, it has the same magnitude for all of them; 
therefore, the beam  with clamped-clamped boundary condition, which has the less 
deflection, gets more influences from the base excitation in comparison with other two. 
Other dynamic items for three boundary conditions are listed in Table 2.11 with and 
without base excitation. It is shown that by changing from the hinged-hinged boundary 
condition to the clamped-clamped one, RMS value of velocity is decreased as well as 
deflection; conversely, it is all the way opposite for bending moment. In other words, the 
hinged-hinged boundary condition has the maximum RMS value of bending moment 
among all. Although the base excitation affects all three cases in all three items, its effect 





Figure 2.21 Deflection of beam midpoint under moving load and random base excitation 
(solid line: clamped-clamped, dashed: hinged-clamped, dashed-dot: hinged-hinged) 
 
 
Table 2.6  Beam behavior with different boundary conditions traversed by moving load; 




















e Deflection (mm) 
with RBE 0.7545 0.3565 0.2500 
without RBE 0.7443 0.3201 0.1719 
Velocity  (mm/s) 
with RBE 7.3793 8.3945 9.9355 
without RBE 1.5887 0.7213 0.3089 
Bending moment (kN.m) 
with RBE 1341.0 974.78 944.23 









2.5.3 Effects of different cross-sectional shapes 
The goal of this section is to understand how the beam cross-sectional shape may 
affect the dynamic behavior of the beam traversed by moving load and subjected to the 
base excitation. Three different cross-sectional shapes, namely the rectangle, circle-solid, 
and the circle-tube, are considered, which share the same cross-section area, as described 
earlier. Note that the boundary condition for all three cases is hinged boundary condition 





Figure 2.22 Deflection of the beam midpoint with different cross-section subjected to 
random base excitation  
 
It is shown that the random base excitation affects the beam midpoint deflection 
equally for all the cross-sectional shapes considered. In other words, the beam midpoint 
deflection follows the same pattern with and without random base excitation. However, 
the deflection with the base excitation is higher that without base excitation case. 
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Besides the beam midpoint deflection, other dynamic factors for all three cases, with 
and without the presence of base excitation are listed in Table 2.7. It is shown that the 
maximum RMS value of velocity and deflection are achieved in the beam with circle-
solid cross-sectional shape for both with and without the base excitation cases. Although, 
bending moment maximized in circle-solid cross-sectional shape without the base 
excitation, it has the minimum RMS value when the base excitation is applied. In other 
words, rectangle cross-section is influenced by the base excitation more than the other 
two cases. 
 
Table 2.7 The beam behavior with different beam cross-sections traversed by moving 
load; with and without random base excitation (RBE) 













e Deflection (mm) 
with RBE 0.7545 0.7907 1.2962 
without RBE 0.7443 0.7837 1.2979 
Velocity (mm/s) 
with RBE 7.3793 7.0874 8.2301 
without RBE 1.5887 1.6473 2.7220 
Bending moment (kN.m) 
with RBE 1341.0 1310.5 1297.0 
without RBE 1164.4 1164.7 1175.7 
 
 
By analyzing the beam midpoint deflection with different boundary conditions and 
cross-sectional shapes, with and without base excitation, one may conclude that the beam 
sensitivity on the base excitation depends on its cross-section and given boundary 
conditions where the influence of the given boundary conditions is relatively higher than 




2.5.4 Effects of the beam span length  
Five different span-lengths are considered with the aim of observing the effect of 
length on the beam dynamic behavior under moving load and subjected to the base 
excitation. The results, provided in Table 2.8, show that by increasing the span length, all 
three items, i.e., the deflection, velocity, and bending moment, increase. However, the 
base excitation affects the velocity RMS value more than others. The reason comes from 
the nature of the base excitation. In fact, by applying the random base excitation, the 
beam experiences rapid changes in their position at both ends, which lead to sudden 
changes in the beam midpoint velocity. 
Table 2.8 Beam behavior with different beam span-lengths traversed by moving load; 






















with BE 0.1423 10.5387 1150.4 
without BE 0.0973 0.3437 576.18 
30 
with BE 0.3322 7.6028 1112.9 
without BE 0.3166 0.8182 867.41 
40 
with BE 0.7545 7.3793 1341.0 
without BE 0.7443 1.5887 1164.4 
50 
with BE 1.4527 7.9238 1622.6 
without BE 1.4556 2.5655 1465.9 
60 
with BE 2.5285 6.3548 1846.0 
without BE 2.5301 3.6701 1781.6 
 
 
It is shown that by increasing the beam length span, the effect of the base excitation 
decreases in all items; however, RMS value of deflection gets less affected by base 




Suspension bridges traversed by moving vehicles 
 
3.1 Introduction 
The aim of this chapter is to present the straight beam dynamic response subjected to 
a moving vehicle. Doing so, the straight Timoshenko beam traversed by a single DOF 
moving sprung mass is studied first. The formulation and modeling are presented as well 
as the numerical results. In the next step, the beam response to the moving double load 
system with constant distance is presented. In fact, each load represents one of the 
simplified forms of the wheel-bridge contact loads. The numerical results are provided 
and they are compared with those presented earlier for the straight beam traversed by 
single moving constant load. The differences between both systems are pointed out. 
 For the last step, the study on the straight beam traversed by moving vehicle is 
carried out. The modeled vehicle is a planer six DOF car model including the passenger 
and driver masses and suspensions. The numerical results for both beam and the vehicle 




3.2 Simple moving vehicle model (Single DOF model)  
3.2.1 Introduction 
Although the constant moving load is very easy and simple to study the beam 
dynamic behavior, it has some major disadvantages. 
 It does not have adequate accuracy since the vehicle contact forces are 
considered as constant loads. 
 The total vehicle dynamics is ignored and hence, its performance cannot be 
studied. 
Because of these drawbacks a more accurate model of moving vehicle is developed in 
this chapter. The aim is to model the vehicle loading as a moving sprung mass along the 
beam. In fact the constant moving load is replaced with a time varying load, which is the 
function of time and location. ANSYS© contact element method is employed in order to 
accomplish the modeling, with the same contact properties that are used in Chapter 2. 
 
3.2.2 Modeling and development 
ANSYS© contact element method, which is described earlier, is employed to model 
the beam traversed by a sprung mass. In doing so, the mass-less contact node is created 
along with its contact-mate, the target surface (TARGE169), as illustrated in Figure 3.1. 
By applying the appropriate X constraint on the contact node location, one will be able to 
move the sprung mass with the constant velocity. The X constraint could be expressed as 
xm=v t, where xm is the mass-less contact node location with the origin of the beam start 
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point, v is the sprung mass velocity, and t is the time with the origin of the moment that 
the sprung mass arrives on the beam. 










Figure 3.1 Moving sprung mass on the beam 
 
The major difference between the moving sprung mass and the moving constant load 
is that the load applied on the beam because of the sprung mass is variable with time and 
location. Figure 3.2 illustrates the interaction between the sprung mass and the beam 
based on the parameters presented in Figure 3.1. 
vtxm 










The governing equations of motion for a typical Timoshenko beam under external 
loading are described in Equation (2.1). It is discussed that the term f in the equations 
refers to the external force. As it is stated earlier, for the case of constant moving load, 
one can describe the term f as Equation (2.2), where    is the magnitude of the constant 
load. However, for the case of moving sprung mass, the moving force does not have a 
constant magnitude and it can be found by the relation between both governing equations 
of the sprung mass and the beam. Based on the free-body-diagram shown in Figure 3.1 
and also Equation (2.1), one can derive the governing equation of motion of the sprung 
mass and the beam as: 
    ̈      ̇             ̇       (3.1) 
  
   
   
   
   
   




   
      
 
   
  
   
   
  
  
   
   
   
 
  
   
   
   
     (3.2) 
where the term f is the external force which is defined as 
 (   )  [   ( ̇   ̇ )     (    )] (    ) (3.3) 
where    is the vertical position of the sprung mass, w is the beam deflection, v is the 
sprung mass velocity in x direction, and t is the time with the origin of the moment that 
the mass arrives on the beam. The accent „dot‟ refers to the first derivative of the function 
with the respect of time (t). The symbol   is Dirac function, which is described earlier. 
Moreover,   ,    ,     are the equivalent mass of the vehicle, spring stiffness of the 




3.2.3 Numerical results 
A typical Timoshenko beam traversed by a sprung mass, illustrated in Figure 3.1, is 
considered. Table 3.1 provides the properties of the Timoshenko beam. As mentioned 
before, Timoshenko beam element with its four associated nodes is employed to model 
the system as discussed earlier.  
 
Table 3.1 Properties of the Timoshenko beam [30] 
Elastic modulus 207 GPa 
Mass per unit length 20 000 kg/m 
Cross-sectional area 4.94 m
2
 
Second moment of area 0.174 m
4
 
Shear coefficient 5/6 
Beam viscous damping 1750N.s/m 
Beam length 100 m 
 
 
To fulfill this study a set of mechanical properties for the simplified vehicle model 
(only for the sprung mass) has been extracted from Ref [30], as listed in Table 3.2. 
 
Table 3.2 Properties of the sprung mass 
Mass    434.39 [kg] 
Spring stiffness     19097.32 [N.m
-1
] 
Damper coefficient     290.84 [N.s. m
-1
] 
Speed   20 [m.s-1] 
 
 
Two major sets of results are in interest; firstly, the dynamic behavior of the beam 
under travelling sprung mass, and secondly, the dynamic behavior of the sprung mass. 
Figure 3.3 illustrates the time history of the beam midpoint deflection and velocity. 
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Figure 3.3 The Timoshenko beam midpoint (a) deflection and (b) velocity due to the 
moving sprung mass 
 
As illustrated in Figure 3.3, maximum deflection of the beam midpoint occurs at 
t=3.58 sec, at which the sprung mass location with origin of the left hand side of the 
beam is xm=71.6m. In other words, the maximum midpoint deflection does not occur 
when the sprung mass is located on the midpoint. The midpoint deflection continues even 
after the sprung mass leaves the beam (at t=5sec), it is relatively small (about zero) at the 
very moment that the sprung mass leaves the beam.  
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Contrastively, the midpoint velocity maximizes about the moment that the sprung 
mass leaves the beam, t=5sec. Moreover, the midpoint velocity slope is positive in the 
beginning, which means that the midpoint gets positive deflection when the sprung mass 
arrives on the beam due to the sprung mass velocity. 
Figure 3.4 shows the beam midpoint shear force and bending moment. Comparing the 
beam midpoint shear force and bending moment for the beam under a constant moving 
load, which described earlier in Chapter 2, and the beam under a moving sprung mass 
(Figure 3.4), one may conclude that: despite the fact the beam properties are different for 
the simulations, the results for the beam traversed by with a constant load are more 
smooth and do not fluctuate as the results for the beam traversed by a moving sprung 
mass. 
sprung mass leaves the 
beam
sprung mass crosses the 
midpoint
 
Figure 3.4(a) The Timoshenko beam midpoint shear force due to the moving sprung mass 
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Figure 3.4 The Timoshenko beam dynamics due to the moving sprung mass 
 
To understand the sprung mass dynamics, the dynamic behavior of the sprung mass 
are presented such as deflection, velocity, and acceleration. Two different functions are 
defined, namely absolute and relative as presented below: 
                 ( ) 
                 ( )   (    ) 
(3.3) 
              ̇ ( ) 
              ̇ ( )   ̇(    ) 
                  ̈ ( ) 
                  ̈ ( )   ̈(    ) 
where    ( )  is the deflection of the sprung mass, as illustrated in Figure 3.1, and 
 (    ) is the beam deflection at the location of the sprung mass. Similarly,  ̇ ( ) and 
 ̈ ( )  are the sprung mass velocity and acceleration, respectively.   ̇(    )  , and 
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 ̈(    ) are the velocity and acceleration of the beam at the location of the sprung mass. 
Figure 3.5 shows the so-called relative and absolute deflection, velocity, and acceleration 
for the sprung mass. 
sprung mass leaves the 
beam
sprung mass crosses the 
midpoint
 
Figure 3.5(a) The sprung mass relative and absolute deflection 
 
sprung mass leaves the 
beam
sprung mass crosses the 
midpoint
 
Figure 3.5(b) The sprung mass relative and absolute velocity 
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Figure 3.5(c) The sprung mass relative and absolute acceleration 
 
Figure 3.5 The sprung mass relative and absolute deflection, velocity, and acceleration 
 
As illustrates in Figure 3.5 (a), the major portion of the sprung mass displacement is 
because of the beam deflection. It can be seen that the maximum relative displacement 
occurs when the sprung mass leaves the beam; however, it has three peaks in total, which 
two of them is when the sprung mass crosses the midpoint. It is shown in Figure 3.5 (b) 
that the sprung mass velocity follows the same pattern as the deflection graph. Similarly, 
the larger part of the sprung mass velocity is due to its base (the beam) vertical velocity.  
It should be noted that all three graphs, i.e. the deflection, the velocity, and the 
acceleration, decrease by time passing due to the beam structural damping as well the 




3.3 Double moving loads with constant distance 
3.3.1 Introduction 
While studying the beam dynamic response subjected to a moving sprung mass 
includes the mass inertia and the vehicle-bridge interactions, it ignores the effects of two 
sequential loads acting on the beam. In fact, the beam response subjected to one moving 
load is different from the same beam subjected to two moving loads. The aim of this 
section is to present the dynamic response of the straight beam traversed by two constant 
loads in order to study the effects of two sequential loads. Doing so, two constant loads 
with constant speed are modeled. The weight distribution of front to rear axles for a 
conventional vehicle is assumed to be 60:40 in this study. Finally, the numerical results 
are presented and compared with the beam response subjected to one moving load. 
3.3.2 Development of double forces 
The aim of this section is to understand and to develop the dynamics of the 
Timoshenko beam traversed with two constant loads with constant distance, illustrated in 
Figure 3.6. 
Figure 3.6 shows a typical Timoshenko beam under two constant loads with constant 
distance, which represent the vehicular loadings. Equation (2.1) provides the governing 
equation of motion for a Timoshenko beam, which is explained earlier in this chapter. 
However, the term f in the equation is now presenting the double load system. One can 
express the so-called double load system as two point loads as describe earlier: 
 (   )     (    )      (      ) (3.4) 
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where    and    represent the front axle load and the rear axle load, respectively. Symbol 
  is Dirac function, which is explained earlier in Figure 2.2 (a). It should be noted that   







Figure 3.6 A typical Timoshenko beam traversed by a double load system 
 
3.3.3. Modeling and numerical results 
To model the beam under the double load system, ANSYS© contact element method 
is employed. The procedure is the same as single load system; however, two mass-less 
nodes are required to model both loads, illustrated in Figure 3.7. Figure 3.7 demonstrates 
two mass-less contact elements with attached constant forces. It should be noted that the 
distance d is kept constant by applying appropriate X constraint on both contact elements 
as below: 
      














Figure 3.7 Massless contact elements represent the vehicle wheel 
 
To ensure that the developed system works properly, a typical Timoshenko with the 
properties listed in Table 2.2 and two mass-less contact elements are modeled. The values 
for the forces     and    are assumed, as listed in Table 3.3. 
 
Table 3.3 Loading properties assumed in this study 
Item       
Magnitude 80 kN 120 kN 
Speed (v) 20 m/s 20 m/s 
Distance between two loads (d) 4 m 
 
 
Figure 3.8 illustrates the beam midpoint deflection, velocity, and acceleration for both 
cases of single loading and double loading system. The results show that for the double 
load system the maximum deflection is higher that the single loading; however, it takes 
less time for midpoint to reach its maximum deflection in single loading system. 
Moreover, the midpoint velocity for the both loading system has approximately same 
maximum value; though, the frequency of the sine wave for double loading system is less 
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than the single loading. Due to the fact that the velocity change rate in double load 
system is less than the single load system, the midpoint maximum acceleration for double 
load system is less than single load system. 
  
Figure 3.8 (a) Midpoint deflection for both load configurations 
  




Figure 3.8 (c) Midpoint acceleration for both load configurations 
 
 
Figure 3.8 Midpoint deflection, velocity, and acceleration for both load configurations 
 
Figure 3.9 shows the beam midpoint bending moment and shear force due to the 
double moving loads illustrated in Figure 3.7. It is shown that although there is no 
considerable deference between the maximum of the bending moment for both cases, but 
the beam subjected to the single load system reaches the maximum value sooner than the 
other one. It could be seen in Figure 3.9 (b) that unlike the beam traversed by single 
force, the beam under the moving double load has two clear steps from its maximum to 
its minimum, which is because of the fact that both forces in the double system plays the 
same role in generating  sheer force in the beam. It should be noted that the maximum 















3.4 Beam traversed by moving vehicle  
3.4.1 Introduction 
As stated before, one of the major goals in Part 1 of the present thesis is to design and 
optimize a Tuned-Mass-Damper (TMD) to suppress the induced vibration of the beam 
traversed by a moving vehicle. Doing so, the first step is to model the moving vehicle on 
the beam. The major drawback of both the presented loading, namely, the moving 
constant load(s) and the moving sprung mass, is that the vehicle dynamics is ignored. In 
other words, since vehicle itself is a combination of masses, springs, and dampers, it has 
its own dynamic behavior, which is in action/reaction relation with its adjacent items, i.e. 
the beam. The vehicle, as a system, is under influence of the input, i.e. the beam 
deflection, velocity, and acceleration, and also it affects the beam dynamic behavior 
based on its reactions. Therefore, by presenting the vehicle as a constant load or even 
sprung mass, the majority of interactions between two systems, i.e. the vehicle and the 
beam, are ignored, which may cause the results to be far from the real world concerns. 
Hence, the loading due to the vehicle is presented in this chapter, which is the most 
general form of loading on beams, and will be used for this study. 
In this chapter, the proposed ANSYS© contact element method is expanded with the 
aim of modeling the moving vehicle on the Timoshenko beam. Appropriate ANSYS© 
elements are used to model the vehicle and the same technique of massless contact nodes 
are employed to simulate the contact between the wheel and the road. The proper X 
constraints is utilized to move the vehicle nodes and elements with the constant desirable 
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speed. In the following, the expanded ANSYS© contact element method and the vehicle 
model will be discussed. 
In order to validate the result, a typical beam and vehicle properties are selected from 
the literature. The results are compared with the selected work, and it is shown that the 
presented method results are in good agreement with those in the literature.  
 
3.4.2 Modeling and development 
The aim of this section is to create a moving half-car planner model on the 
Timoshenko beam in commercial package of ANSYS©. As explained in the introduction, 
ANSYS© contact element method is utilized to model the moving vehicle along the 
Timoshenko beam. Doing so, massless contact elements (CONTA175) are defined as well 
as its contact pair, TARGE169, as illustrated earlier in Figure 3.1. The selected vehicle 
model is half-car planner model with the passenger structure, illustrated in Figure 3.10. 
The figure shows the moving vehicle system, the Timoshenko beam, and the dynamic 
relation between them. The governing equation for the beam is still the same as before, 
which is provided in Equation (2.1). However, the applied external forces are different 

























Figure 3.10 The moving vehicle on a suspension bridge. Beam force interaction with a 
six DOF half-car planner model [30].   
 
3.4.3 Numerical results and validation 
A typical Timoshenko beam and half-vehicle planner model are selected from 
literature to validate the presented method and modeling. Esmailzadeh and Jalili [30] 
presented the analytical solution for a thin beam traversed by a moving vehicle. Table 3.4 
provides the beam properties. As mentioned in the literature, Esmailzadeh and Jalili 
investigated the problem of Euler-Bernoulli beam traversed by a moving vehicle; 
however, the Timoshenko beam theory is employed in this study. Therefore, to ensure the 
validity of the generated results by present finite element method in this study, all 
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Timoshenko elements in the model are substituted with Euler-Bernoulli beam elements 
for this section. 
 
Table 3.4 Properties of the beam [30] 
Elastic modulus 207 GPa 
Mass per unit length 20 000 kg/m 
Cross-sectional area 4.94 m
2
 
Second moment of area 0.174 m
4
 
Beam viscous damping 1750 N.s/m 
Beam length 100 m 
 
 
The geometrical and mechanical of the vehicle model presented by Esmailzadeh et al. 
[30] which is a six DOF half-car planner model, as illustrated in Figure 3.10, are listed in 
Table 3.5.   
Figure 3.11 presents the history diagrams of the driver vertical motion (bounce), the 
passenger, the vehicle body, the front tire and the rear tire bounce for the vehicle speed of 
v=88km/h (24.44 m/s). The figure also compares the generated result using the presented 
method of ANSYS© contact element method with those obtained by Esmailzadeh and 
Jalili [30]. 
As it is presented in Figure 3.11 the generated results are in good agreement with 
those obtained with Esmailzadeh and Jalili [30]. The major difference between two result 
sets occurs when the vehicle passes the beam midpoint and the sheer force changes 
rapidly from the positive maximum to its negative minimum. The rapid change in the 
sheer force cannot be captured by all the elements of the beam; therefore, the slight 
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difference between the generated results and those obtained by Esmailzadeh and Jalili 
[30] is observed. 
 
Table 3.5 Mechanical properties of the vehicle [30] 
Body mass (  ) 1794.4 kg 
Body rotational mass moment of inertia (𝐽 ) 443.05 kg.m
2
 
Front axle mass (  𝑡) 87.15 kg 
Rear axle mass (  𝑡) 140.4 kg 
Driver mass ( 𝑑) 75 kg 
Passenger mass ( 𝑝) 75 kg 
Front axle damping ratio (   ) 190 N.s/m 
Rear axle damping ratio (   ) 1000 N.s/m 
Front tire damping ratio (  𝑡) 14.6 N.s/m 
Rear tire damping ratio (  𝑡) 14.6 N.s/m 
Driver seat damping ratio ( 𝑑) 62.1 N.s/m 
Passenger seat damping ration ( 𝑝) 62.1 N.s/m 
Front axle stiffness (   ) 66824.4 N/m 
Rear axle stiffness (   ) 18 615.0 N/m 
Front tire stiffness (  𝑡) 101 115.0 N/m 
Rear tire stiffness (  𝑡) 101 115.0 N/m 
Driver seat stiffness ( 𝑑) 14 000.0 N/m 
Passenger seat stiffness ( 𝑝) 14 000.0 N/m 
Distance form front wheel to body C.G.(  ) 1.271 m 
Distance form rear wheel to body C.G.(  ) 1.716 m 
Distance form driver seat to body C.G.(𝑏𝑑) 0.481 m 






vehicle leaves the beam
vehicle crosses the 
midpoint
 
Figure 3.11(a) Time history diagram of the driver seat 
vehicle leaves the beam
vehicle crosses the 
midpoint
 
Figure 3.11(b) Time history diagram of the passenger seat   
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Figure 3.11(c) Time history diagram of the vehicle body  
vehicle leaves the beam
vehicle crosses the 
midpoint
 
Figure 3.11(d) Time history diagram of the front tire 
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Figure 3.11(e) Time history diagram of the rear tire  
Figure 3.11 Time history diagram of the driver , the passenger, the vehicle body, the front 
tire and the rear tire bounce for the vehicle speed of v=88km/h (24.44 m/s). 
 
It is shown that the maximum deflection (bounce) of the vehicle components do not 
occur when the vehicle passes the midpoint. The reason is that the beam maximum 
deflection does not occur when the vehicle locates on the mid-span. It should be 
mentioned that the beam deflection magnitude is relatively larger than those for the 
vehicle components. 
Although the generated result for vehicle dynamics are in good agreement with the 
available literature, it should be noted that the major concern of this part is the beam 
dynamic behavior. Hence, the beam midpoint deflection due to the travelling vehicle is 
obtained using the same ANSYS© contact element method, and the result is compared 
with the one presented by Esmailzadeh and Jalili [30], as illustrated in Figure 3.12. It is 
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shown that the generated response of the beam traversed by a half-car vehicle model 
follows the same trend as Esmailzadeh et al. [30] presented. 
vehicle leaves the beam










Vibration suppression of suspension bridges traversed by 
moving vehicle using Tuned Mass Damper (TMD) 
 
4.1 Introduction 
Dynamics of the suspension bridges traversed by moving vehicle has been centre of 
the interests for recent decades. The interests arise by observing that the deflection and 
produced stress in the bridge traversed by a moving vehicle or train are significantly 
higher than those for static loads. Therefore, it is critical to understand the dynamic of the 
beam under moving loads and suppress the induced vibration of the beam.  
As it is discussed before in the literature review one of the most effective and an 
economic controller is passive controller, which could be applied to control the beam 
vibration. Passive controller by definition is a controller system which does not require 
any external source of energy. One of the simplest and most effective passive techniques 
to control the vibration is tuned mass damper (TMD) technology, as explained earlier.  
In this chapter, the bridge and the attached TMD, as illustrated in Figure 4.1, are 
modeled in ANSYS© environment. The previously presented vehicle model is applied in 
order to model a moving vehicle on the beam. The optimization procedure to design and 
optimize the TMD parameters is presented as well as the numerical results. To ensure 
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that the presented method is valid, the numerical example is chosen from available 















 4.2 Theory and development of the beam with attached TMD 
The aim of this section is to model the Timoshenko beam with the attached TMD 
under moving vehicle loading in ANSYS©. However, it is critical to understand the 
system dynamic behaviour first. Doing so, the governing equation for the system is 
derived by utilizing extended Hamilton‟s principle as below: 
 ∫  (𝑇   )  
𝑡2
𝑡1
 ∫  𝑊𝑛   
𝑡2
𝑡1
   (4.1) 
where the kinetic energy (T), potential energy (V), and non-conservative virtual work 
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E Young‟s elastic modulus  
G shear modulus  
k Timoshenko‟s shear coefficient  
C viscous damping of the beam corresponded to structural damping 
 ( ) mass per unit length  
I(x) area moment of inertia 
J(x) second moment of inertia  
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A(x) cross-sectional area 
mTMD TMD mass 
kTMD TMD spring stiffness 
cTMD TMD damping coefficient 
w beam transverse response 
  rotation due to shear deformation 
𝜓 rotation due to bending 
 
The variables 𝑍  is displacement of the attached TMD,  (      ) , and 
 ̇(      )represent the beam‟s deflection and velocity at the point of attachment of the 
TMD system, respectively. The term  (   ) is the external load, which comes from the 
moving vehicle, illustrated earlier in Figure 3.10, and could be expressed as: 
 (   )    (   ) (    )     (   ) (    ) (4.3) 
where   (   )  and   (   )  are the loads of front axle and rear axle on the beam, 
respectively. Similarly,    and    are the front axle and rear axle position on the beam 
respectively. It should be noted that the wheel positions are not constant and they change 
by time as       and       (     ). The vehicle moving speed is  , and   ( ) is 
Dirac function defined the distributional derivative of the Heaviside function (   ) 
which is described below: 
 (   )  {
         
         
 (4.4) 
By considering the deformation relationship of the Timoshenko beam ( 
𝜕𝑤
𝜕 
 𝜓   ) 
and applying the extended Hamilton‟s principle, three governing differential equations of 
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motions of the Timoshenko beam with the attached TMD system under an external force 
can be derived: 
   ̇(   )   
𝜕
𝜕 
0   ( ) (
𝜕𝑤(  𝑡)
𝜕 
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(4.5b) 
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𝜕𝑤(  𝑡)
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    )  0 
(4.5c) 
 
As provided in Equations (4.3), the governing equation for the Timoshenko beam and 
the tuned mass damper are derived. It should be noted that the governing equation for the 
Timoshenko beam has two major parts: equations of the beam traverse motion, and 
equations of the beam rotational motion. Since the governing equations are derived, the 
applied method is presented to model the system in ANSYS©. Doing so, the same 
ANSYS© contact element method is applied in order to model the moving vehicle on the 
beam, as presented earlier in Chapter 3. To model the tuned mass damper, two types of 
elements are employed: first, MASS21 element to simulate the point mass (mTMD) and 
second, COMBIN14 element in ANSYS© commercial package to model the tuned mass 
damper spring and viscous damper. Same contact elements (CONTA157 and its pair 
TARGE169) are utilized to define the contact between the wheel and the Timoshenko 
beam as presented earlier. Moreover, the proper X constraint is applied on the vehicle 




4.3 Optimal design of tuned mass damper (TMD) 
4.3.1 Introduction 
It is stated earlier that passive controller are effective and very simple; however, the 
efficiency of these devices are highly sensitive to their parameter values. On the other 
hand, parameters of passive controllers by definition are constant and they don‟t change 
by time, unlike active controller. Regarding this fact, it is critical to tune the passive 
controller parameters before installation. Tuned mass damper, as a passive vibration 
controller follows the same rule and should be tuned before installing on the primary 
system. Therefore, three parameters of the TMD, namely, spring stiffness, damping 
coefficient, and mass, should be tuned somehow that the natural frequency of TMD is in 
resonance with the one of the beam modes (mostly the first one) so that a large amount of 
the vibration energy will be transmitted to the TMD. An optimization analysis is required 
to optimize the values of the TMD parameters.  
The aim of this section is to design an optimal tuned mass damper, which is attached 
to the center of the Timoshenko beam traversed by moving vehicle. Doing so, the 
fundamentals of optimization are discussed. The optimization techniques as well as the 
proposed optimization problem are explained.  
4.3.2 Optimization Fundamentals 
To understand the fundamental of optimization problems, one may need to firstly 
understand how an optimization problem can be defined. An optimization problem is 
maximizing or minimizing one or more functions that are relative to one or more sets, 
often representing a range of choices available in a certain situation. In fact, the function 
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allows comparison of the different choices for determining which choice might be the 
best. 
There are some terminologies that should be explained in order to comprehend the 
optimization problems, which the most important ones are discussed below [80]: 
 Design variables: Design variables are entities that recognize a specific 
design. These entities will change over a given range in the search for the 
optimal design. The values of a complete set of these variables characterize a 
particular design. The set of design variables is identified as the design vector. 
The length of this vector is the number of design variables in the problem.  
 Objective function: As mentioned before an optimization problem is defined 
by an objective function that usually has to be minimized or maximized. 
Although the traditional design optimization problem is defined using a single 
objective function, multiple objective functions are also utilized in nowadays 
optimization problems. The objective function must depend, explicitly or 
implicitly, on the design variables.  
 Constraints: Generally, constraints limit the range of the choices that we can 
make for design variables. However, these limitations usually come in two 
general forms. The first format is constraints on design functions, which are 
influenced by design variables. In fact, instead of limiting the design 
variables, in some cases, functions of the design variables are constrained by a 
particular numerical range. It should be noted that these limiting values stay 
constant during the optimization. The constraint functions can be classified as 
equality constraints or inequality constraints. The second format is called side 
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constraints, which are the numerical range for the design variables. Each 
design variable must be bounded by numerical values for its lower and upper 
limit.  
In summary, any optimization problem can be defined as: 
Minimize (or maximize):  ( ) , -𝑛 (4.6a) 
Subjected to: , ( )-    (4.6b) 
 , ( )-    (4.6c) 
    𝑤          (4.6d) 
where X is a design vector and has n elements, which n is number of design variables. 
 ( ) is the objective function which should be either minimized or maximized.  ( ) and 
 ( ) are the design functions, which are constrained by Equation (4.6) a and c. Equation 
(4.6d) presents the side constraint on the design variables. 
 
4.3.3 Optimization method  
To design the optimal tuned mass damper, the ANSYS© built-in optimizer is 
employed, which shows to be reliable and powerful for most of the engineering 
problems. ANSYS© commercial package provides the users two major optimization 
methods as follow: 
 Subproblem approximation method: The approach is an advanced zero-
order method that can be efficiently applied to most engineering problems. 
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 First order method: The method is based on design sensitivities and is more 
suitable for problems that require high accuracy. 
The subproblem approximation method generates the objective function 
approximation, and then optimizes the design variables to minimize the objective 
function approximation. It is usually used for small problems and needs relatively short 
process time. On the other hand, first order method does not utilize the objective function 
approximation, which leads to better and more accurate results. 
The first order method converts the constrained problem to an unconstrained 
optimization problem because minimization techniques for the unconstrained problems 
are more efficient. The conversion is done by adding penalties to the objective function to 
account for the imposed constraints. The first order method uses gradients of the 
dependent variables with respect to the design variables. The gradient calculations for 
every iteration are performed in order to determine a search direction, and a line search 
strategy is adopted to minimize the unconstrained problem. Therefore, every iteration is 
composed of a number of sub-iterations that includes the search direction and gradient 
computations. 
First order iterations continue until either convergence is achieved or termination 
occurs. The problem is said to be converged if, when comparing the current iteration 
design set to the previous and best sets, one of the following conditions is satisfied:  
 The changes in the objective function from the best design to the current one 
is less than the objective function tolerance. 
93 
 
 The changes in the objective function from the previous design to the current 
one is less than the objective function tolerance. 
It is also a requirement that the final iteration used a steepest descent search, 
otherwise additional iterations are performed. It should be noted that the objective 
function tolerance is treated as an input for the ANSYS© optimizer. 
 
4.3.4 Proposed optimization problem 
Based on what discussed earlier, the goal is to minimize the beam deflection due to 
the traveling vehicle by attaching a TMD system to the beam. It has been proven in the 
early stage of the project that the location of the maximum deflection of the beam 
traversed by moving load is function of the beam geometrical and physical properties as 
well the load speed and it occurs near the midpoint, not necessarily on the midpoint. 
However, due to the fact that the distance from the midpoint and where the maximum 
deflection occurs is relatively small in comparison of the beam length, most of the 
researchers attached TMD to the midpoint and studied the beam midpoint deflection. 
Therefore, one may define the optimization problem as: to optimize the TMD parameters 
in order to minimize the beam midpoint deflection due to the traveling vehicle 
(maximizing the TMD effects). Moreover, the defined optimization problem has some 
constraints which will be considered later on this section. For the sake of simplicity, three 
different non-dimensional parameters are introduced as: 
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Mass ratio 𝜇  
    
     
 
(4.7) Frequency ratio      
    
 𝑛
 
Damping ratio      
    
 √        
 
 
where  𝑛 is the natural frequency of the beam, on which TMD is tuned. Usually TMDs 
are tuned for the first natural frequency (fundamental) of the beam due to the fact the 
fundamental frequency always cause more deflection in the beam. Therefore, the quantity 
of the energy in the system in the fundamental frequency is more than the other modes. In 
the other word, fundamental mode dominates the beam behaviour; therefore, the TMD 
will be tuned for the first natural frequency in this study.  
It should be noted that mass ratio should be less than 10 percent to avoid any likely 
change in the primary system (the beam) dynamics. Basically, for optimizing the TMD 
attached to the beam, mass ratio (𝜇) is kept constant in the acceptable range. On the other 
hand, since all the parameters of TMD, i.e. mass, spring stiffness, and damping 
coefficient, are involved in the presented non-dimensional parameters, one may consider 
the non-dimensional parameters as the design variables for the optimization problem. 
Therefore, the optimization problem for the Timoshenko beam with the attached TMD 
and known mass ratio, under the moving half car model can be described as: 
Design variables: {         } 
Objective function: to minimize The maximum deflection of the midpoint  
Subjected to:          5 
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The first order optimization method is applied to find an optimal design for the tuned 
mass damper attached to the Timoshenko beam under traveling half-vehicle model. 
Doing so, an arbitrary value set for the design variables (DVs) are selected to run the 
optimization. As it is illustrated in Figure 4.2, mass ratio is kept constant for the 
simulation and it should be less than 10 percent as discussed before. 
 
 





4.3 Numerical results and validation 
To ensure the validity of the developed simulation and optimization, a numerical 
example is solved. The goal is to find an optimized design for the tuned mass damper 
attached to the Timoshenko beam traversed by moving vehicle. The vehicle model is the 
same, as illustrated in Figure 3.10, with the same mechanical properties provided in Table 
3.5. The Timoshenko elements are employed to model the beam and the boundary 
condition is assumed to be hinged-hinged. The beam physical and geometrical properties 
are listed in Table 4.1. 
Table 4.1 Properties of the beam [81] 
Elastic modulus 207 GPa 
Poisson‟s ratio 0.3 
Mass per unit length 20 000 kg/m 
Cross-sectional area 4.94 m
2
 
Second moment of area 0.174 m
4
 
Beam viscous damping 7000 N.s/m 
Beam length 70 m 
 
 
The first three natural frequencies of the beam obtained by the finite element method 
are provided in Table 4.2. As stated in Table 4.2, the generated results are in good 
agreement with those obtained by Moghaddas [81]. 
Table 4.2 First three natural frequencies of the Timoshenko beam 
   (𝐻𝑧)   (𝐻𝑧)   (𝐻𝑧) 
Moghaddas et al [81] 0.4304 1.7251 3.8936 




Table 4.3 provides the optimal values of the TMD after performing the optimization 
in AYSYS©, based on the flowchart illustrated in Figure 4.2.  
It is shown that the obtained results are in good agreement with the available 
literature. It should be noted that due to the fact that the optimization procedure is highly 
dependent on the gradients of the dependent variables with respect to the design variables 
calculated in every iteration; hence, the chance of obtaining different results for different 
runs is possible.  
Table 4.3 Optimal values for TMD with mass ratio of %5 
 
TMD optimal frequency 
ratio 
TMD optimal damping 
ratio 
Moghaddas et al [81] 0.747553 0.141695 
Presented FEM 0.806709 0.145789 
        Optimal values MTMD KTMD CTMD 
 100 000 475 000.32 63 547.97 
 
 
As stated before, the objective function, on the other hand, is the response due to the 
1
st
 mode in the beam midpoint. Doing so, it is required to transfer the midpoint 
displacement from the time domain to the frequency domain. Figure 4.3 illustrates the 
beam midpoint response in frequency domain with attached TMD. Furthermore, the beam 
midpoint deflection in time domain is presented in Figure 4.4. It can be seen that the 
TMD system significantly decreases the structural deflection due to the moving vehicle. 


















Although the optimal design of TMD is presented earlier for the beam traversed by 
moving vehicle, it should be noted that the moving load is applied on the centre of the 
beam (bridge). However, the moving vehicle is not necessarily on the centre of the bridge 
in reality. In fact in most of the bridges it is more likely to have off-centre loading than 
centered. Therefore, it is critical to distinguish between these two types of loading and 
design a system, which is capable of suppressing the induced vibration due to the off-
centre loadings. Figure 5.1 illustrates an off-centre moving load on a straight beam. As it 










Technically, the main difference between centre loading and off-centre loading is that 
the off-centre loading leads to flexural and torsional deflection while centre loading can 
only produce flexural deflection in the beam, as presented earlier. Ordinary TMD systems 
can be designed to suppress the induced vibration in traversal direction; however, to 
damp the beam direction in both directions, a particular design is required. The aim of 
this chapter is to present a novel approach to suppress the induced vibration in both 
flexural and torsional directions. 
In order to suppress the deflection in two directions, it is required to have a TMD 
system with two degree of freedom. Two different designs for the desirable TMD system 
are presented in this chapter, at which both flexural and torsional vibration of the beam 
can be suppressed. The tuning procedures for both TMD designs are presented. The 
system is modeled in ANSYS©, the numerical simulation is carried out and the results 
are presented. The results show that both TMD designs are capable to reduce the induced 





5.2 TMD design and tuning procedures 
As discussed in introduction section, in order to suppress the induced vibration in two 
directions, it is required to design a TMD system, which has at least two degree of 
freedom. The reason is that the TMD should be able to move at least in the very two 
directions, in which it is designed to suppress the vibration. In fact, the only way that 
TMD system can produce an acting force equal and opposite to the force generated by the 
system is to move in the system deflection direction. In this section, two different TMD 
models are presented, which both are designed to suppress the vibration of the beam 
traversed by off-centre moving load. The TMD tuning procedures for both models are 
discussed. 
 
5.2.1 First design: Separate TMDs 
The first design for the desirable TMD system, which is capable of suppressing the 
vibration in both flexural and torsional directions, is in fact two ordinary TMDs attached 












Locating two TMDs at both sides of the beam midpoint, there are two forces 
generated by the TMD systems at points A and B (Figure 5.2). The idea is to tune these 
TMD systems somehow that the applied forces from them could prevent the beam to 
oscillate in both traversal and torsional direction. Moreover, if the applied forces by TMD 
systems are equal and in the same direction, they could be able to suppress the flexural 
vibration; on the other hand, equal forces in opposite directions could suppress the 
torsional vibration. The key of the idea is that if the TMD systems are tuned somehow 
that they apply forces in the same direction but non-equal, the applied forces will be able 
to suppress both flexural and torsional vibration. 
The proposed method for tuning the TMD systems is the method introduced by Den 
Hartog [56], where he suggested that the optimal design for the TMD system is: 





  𝑝𝑡  √
 𝜇
 (  𝜇)
 
where  𝜇  
    
 
 and is the TMD mass ratio.   and   are the TMD frequency ratio and 
the damping factor, respectively, which are defined as: 
     




     
    
 √        
 
In which  𝑛 is the very system (beam) natural frequency, on which the TMD system is 
desired to be tuned. 
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The challenge for the proposed TMD system is to decide on which natural frequency 
the system should be tuned in order to suppress both traversal and torsional vibration. It 
should be noted that since the loading is off-centre two sets of natural frequencies/mode 
shapes will be provoked: flexural and torsional. Different algorithms have been applied to 
find the best method to tune the TMD systems and it has been proven that the TMS 
systems would be capable of suppressing both vibrations if one of the TMD systems is 
tuned on flexural natural frequency and the other TMD is tuned on the torsional natural 
frequency. It should be noted that both masses (m1 and m2) are required to be equal in 
order to keep the beam balance. Besides the masses, there are some restrictions on the 
tuning, which will be discussed later in this chapter.  
 
5.2.2 Second design: Linked TMDs 
As it has been discussed before, since the TMD system should suppress the beam 
vibration in two directions, it should be a two DOF system. The previous proposed 
system is two single DOF systems that are attached to one system. However, in the 
second design the aim is to examine the feasibility of suppressing both flexural and 
torsional vibration using a two DOF system. In order to convert the previous system to a 
two DOF system, both TMD systems are attached together by a rigid beam, as illustrated 













Figure 5.3 Linked TMDs attached to the beam 
 
By linking both masses together, the system is a two DOF system, in with two natural 
frequencies could be obtained from the governing equations. The idea is to tune the 
system somehow that it would be capable of suppressing both flexural and torsional 
vibration. Doing so, it is required to fond the natural frequencies of such system. As 
illustrated in Figure 5.4, the linked TMD system can be modeled such as two linked mass 







Figure 5.4 Linked TMD system 
 
As stated before, to find the natural frequencies of the system, it is required to find the 
governing equations. In order to find the governing equations, the free body diagram of 
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Figure 5.5 Linked TMDs free body diagram 
 
As it is shown in Figure 5.5, the system has two degree of freedom: x(t) and θ(t). 
Therefore, two sets of equation will be derived as governing equations. To derive the 
governing equations for the un-damped system, Newton‟s second law is applied and the 
forces applied by the viscous dampers are ignored. The equations are presented in matrix 








      










           is the total mass of the TMD system, 
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 ) total polar mass moment of inertia, 
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It can be seen that each of these equations contains x and θ. However, the coupling 
term exists just in the stiffness matrix [K], which makes the system a statically coupled 
system. It should be noted that l1 and l2 are dependent to the values of m1 and m2 as:  
          (5.4) 
For the free vibration of the TMD system, a harmonic solution is assumed for both 
motions of x(t) and θ(t): 
 ( )      (    ) 
(5.5) 
 ( )      (    ) 
Using Equation (5.5) and (5.3) one obtains: 
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 (     ) 
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From which the frequency equation can be derived. By taking the determinant of the 
coefficient matrix, using Eq. (5.4) and assuming m2 = m1 and l2 = l1 one can obtain: 
     
   
      
     
      
     
         
    (5.7) 
Equation (5.7) is called the frequency equation, by which the natural frequencies can 
be calculated.  
Since the frequencies of the system are obtained, Den Hartog [56] procedure can be 




5.3 Numerical results and discussion 
To examine the efficiency of the designed TMD systems, the system is modeled in 
ANSYS© and the moving load is modeled using the introduce method: ANSYS© contact 
element method. Both designs of TMD systems are modeled and the tuning is carried out 
based on Den Hartog‟s method as discussed earlier. Physical and geometrical of the 
selected beam is listed in Table 5.1.  
Table 5.1 Properties of the beam 
Elastic modulus 207 GPa 
Poisson‟s ratio 0.3 
Mass per unit length 30 172 kg/m 
Cross-sectional area 7.45 m
2
 
Second moment of area 0.270 m
4
 
Beam length 100 m 
 
 
The first three natural frequencies of the beam obtained by the finite element method 
are provided in Table 5.2. It is shown that the first natural frequency of the beam is 
corresponded with the flexural vibration and the second one is related to the torsional 
vibration. 
Table 5.2 First three natural frequencies of the beam 
  (     )   (     )   (     ) 
1.4262 3.2058 3.9451 
Flexural Torsional Flexural 
 
 
Having the natural frequencies of the system, one can utilize Den Hartog‟s method, as 
discussed before, in order to tune both TMD systems: Separate TMDs and Linked TMDs. 
The mass ratio for TMD system should be less than 10 percent to assure that TMD would 
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not change the system characteristics. In this study, the mass ratio is set on 5 percent. 
Considering the Hartog‟s formulation (Equations 5.1), can obtain the optimal values for 
the TMD frequency ratio and the damping factor: 
  𝑝𝑡  
 
  𝜇
    5     
  𝑝𝑡  √
 𝜇
 (  𝜇)
          
Based on the obtained values and the TMD systems natural frequencies, one can 
calculate the optimal values for both TMD systems parameters, as listed in Table 5.3: 
Table 5.3 The optimal values for the proposed TMD systems 
 TMD#1 TMD#2 
 k1 c1 k2 c2 
Separate TMDs 139 184.56 27 386.46 703 239.19 61 559.05 
Linked TMDs 108 957.03 24 230.81 369 408.19 44 616.31 
 
 
In order to examine the designed TMD systems, frequency response of the beam is 
required while subjected to the moving load. However, it is critical to select a proper 
testing point on the beam in order to observe both torsional and flexural deflection. Doing 
so, the very point at the beam mid-axes and the edge is selected (point A at Figures 5.2 
and 5.3). The reason for selecting point A is that its lateral displacement is a combination 
of the flexural and the torsional deflection. Therefore, by examining the lateral 
displacement of point A, the vibration of the beam traversed by off-centre moving load in 
both flexural and torsional direction would be studied. 
Figure 5.6 presents the beam response in frequency domain at the selected point (A) 
with the attached TMD systems, both Separate TMDs and Linked TMDs. It is shown that 
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both TMD systems are tuned on the first two natural frequencies of the beam, which are 
corresponded to the first flexural and torsional modes. 
 
Figure 5.6 The frequency response of the beam with attached TMD systems: Separate 
TMDs and Linked TMDs 
 
To understand the effectiveness of the attached TMD systems to the beam on the 
suppressing the flexural/torsional vibration, the time history diagram of the beam is 
obtained, while it is subjected to a sequence of six constant moving loads, which travel 






Figure 5.7 A sequence of six moving off-centre loads 
 
The histograms of the beam midpoint for both flexural and torsional are illustrated in 
Figure 5.8. It can be clearly seen that both attached TMD systems have significantly 
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reduced the induced vibration of the beam in both directions. However, the performance 
of the linked TMDs system is slightly better than the separate TDMs for both flexural and 











Bridge represented as curved beam 
 
Introduction 
Although many researchers studied on the dynamic response of straight beams 
traversed by moving loads, the works done on the curved beams are limited to a few 
published papers. On the other hand, most of the daily used structures in civil and 
mechanical engineering environments have curved structures, on which time varying 
loads are applied.  
The aim of this chapter is to present the dynamics of curved beams traversed by 
moving load and to suppress the induced vibration of the beams. Doing so, three different 
types of loading are considered, namely, moving constant load, moving vehicle and off-
centre moving load, and the optimal design of TMD systems are presented. Note that the 
off-centre moving load produces both flexural and torsional deflection, which requires a 
special type of TMD system to suppress the vibration.  
In Chapter 6, the geometry and the modeling of curved beam are discussed. The goal 
of this chapter is to familiarize the reader with the curved beam concepts. Lastly, the 
numerical results are presented and validated by available literatures. 
112 
 
In Chapter 7, the dynamic response of curved beams traversed by moving loads is 
presented. The effects of two different loading types are investigated: moving constant 
load and moving vehicular load. The same developed techniques, which are explained in 
the first part of the thesis, are utilized in order to obtain the dynamic response of the 
curved beam due to the moving constant load. A sensitivity analysis is carried out to 
investigate the effects of the curvature angle on the beam dynamic response. Chapter 7 is 
followed by the study on the curved beam dynamic response due to the moving of a six 
DOF vehicle. The numerical results are presented for the curved beam and the vehicle 
components. Finally, the optimal design of tuned mass damper system is presented in 
order to suppress the vibration of the curved beam traversed by the moving vehicle. The 
proposed optimization problem is provided as well as the numerical results. 
In Chapter 8 off-centre moving loads are presented. The main difference between 
centre moving load and off-centre moving load is the off-centre moving load lead to 
deflection in both flexural and torsional directions. Two novel approaches are presented 
to suppress the beam vibration in both directions. The numerical simulation is carried out 




Curved beams, geometry and modeling 
 
6.1 Introduction 
The major difference between curved beam and straight beam, which makes the study 
of the curved beams more complicated, is that the structural deformations in a curved 
beam depend on not only the rotation and radial displacement, but also the coupled 
tangential displacement caused by the curvature of structures.  
As discussed earlier, considering the effects of shear deformation and rotary inertia 
divides the beam theory in four different beam models, namely, Euler-Bernoulli, 
Rayleigh, Shear, and Timoshenko beam. The same categorization is valid for curved 
beams. However, another term plays a major role in curved beam modeling:   the axial 
extensity. The axial extensity is an item, which indicates the beam axle behavior. It can 
categorize the curved beams in two main models: the beam model including the axial 
extensity, and the beam excluding the axial extensity. The axial inextensibility 
assumption would make the curved beams become stiffened, and thus increase the 
estimated natural frequencies. The governing differential equations of motion for curved 
beams based on different hypotheses (including/excluding the axial extensity, rotary 
inertia and shear deformation) can be developed using the same technique as utilized for 
straight beams. However, the Timoshenko curved beam with including the axial extensity 
will be discussed in the following chapter.  
114 
 
6.2 Formulation and theory 
The aim of this section is to develop the governing equation of the curved beam, as 
illustrated in Figure 6.1, with considering the effects of the shear deformation and rotary 
inertia. As discussed earlier the axial extensibility plays a major role in modeling the 
curved beam, hence, the effects of it will be included in the following formulations. 
Doing so, the extended Hamilton theory principal is applied to derive the governing 
differential equations of motion: 
∫  (𝑇   )  
𝑡2
𝑡1
 ∫  𝑊𝑛   
𝑡2
𝑡1
   (6.1) 





























































































E Young‟s elastic modulus  
G shear modulus  
k Timoshenko‟s shear coefficient  
  mass per unit length  
I(x) area moment of inertia 
J(x) second moment of inertia  
A(s) cross-sectional area 
w beam radial transverse response 
u tangential displacement 
  rotation due to shear deformation 
𝜓 rotation due to bending 
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As it is provided in the equations, the axial extensibility (duT(s)/ds) is considered in 
the formulations. It should be noted that  𝑊𝑛    since there is no external force acting 











Figure 6.1 Schematic diagram of curved beam with the defined coordinates 
 
By substituting the geometrical relationships into Equations (6.2), and applying the 
extended Hamilton‟s principle, the following three governing differential equations of 
motion [82] can be obtained: 
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(6.3c) 
where R indicates the beam curvature radius.  
The geometrical properties of any circular curved beam can be defined by three 
parameters, namely, beam span length ( ), beam curvature angle (ϕ), beam curvature 
radius ( ), which are related to each other by the equation below:  
  
 




Based on the equation, one can identify at least two of these parameters in order to 
define a circular curved beam. For the present study, the beam span length is considered 
to be constant and the beam curvature to be variable. Therefore, the other parameter, 
beam curvature radius, will be calculated based on the input values for the span length 
( ), curvature angle (ϕ). Figure 6.2 illustrates the relation between the three parameters 
by showing two different circular curved beams with the same span length and different 
curvature angle and radius. 
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As illustrated in Figure 6.2 two different circular curved beams are drawn, S and S’, 
between two points of A and B. Both share the same span length, but different curvature 
angle and radius. It can be seen that increasing the curvature angle makes the radius to 
decrease; however, the length of the curve will be increased (S > S’).  
 
 
Figure 6.2 The relation between circular curved beam parameters 
 
As discussed before, for the current study the length is kept constant, curvature angle 





6.3 Modeling and validation 
The aim of this section is to find a valid model of curved beam in ANSYS© package. 
Doing so, the Timoshenko beam elements are employed to include the effects of shear 
deformation and rotary inertia. In order to generate the elastic circular curved beam, 100 







Figure 6.3 Curved beam modeling in ANSYS© 
 
In order to validate the beam model, has a typical uniform circular curved beam is 
selected with the geometrical and physical properties listed in Table 6.1. 
 
Table 6.1 Properties of the curved beam [82] 
Elastic modulus (E) 70 GPa 
Shear modulus (G) 24.7 GPa 
Density ( ) 2777 kg/m3 
Cross-section area ( ) 4 m2 
Second moment of area ( ) 0.01 m4 
Shear coefficient ( ) 5/6 
Beam curvature radius ( ) 0.75 m 
Beam curvature angle ( ) 90o 
R / r 15 
l / r 23.56 
 
 where r is the radius of gyration and is equal to    √   . 
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The first ten natural frequencies of the uniform circular curved beam with the hinged-
hinged boundary condition are obtained from the FEA, using the same model and beam 
properties of Table 6.1, as presented in Table 6.2. 
 
Table 6.2 First ten natural frequencies of the curved beam from FEA 













The natural frequencies are converted to non-dimensional form in order to compare 
the generated results with those available in the literature [82,83] as provided in Table 6.3. 
It can be realized that very close agreement between the presented results and those 
obtained by Yang et al and Eisenberger et al exist. 
Utilizing the same model and FEA technique, the first ten deformed configurations 
corresponded to the first ten frequencies are plotted. The deformed configurations are 
plotted against the unreformed beam in order to provide better understanding of the 
curved beam behavior, as illustrated in Figure 6.4. It should be noted that in the presented 
120 
 
graphs, the horizontal axis “Non-dimensional Span length” is defined by the non-
dimensional parameter x/l in which x is the coordinate for the horizontal axis and l is the 
beam span length. Therefore x/l varies between zero and one, as illustrated in Figure 6.1.  
 
Table 6.3 Non-dimensional frequencies      √    ⁄  of the curved beam with 
hinged-hinged boundary condition 
Mode Ref. [82] Ref. [83] Present Study 
1 29.61 29.279 29.2627 
2 33.01 33.305 33.2983 
3 67.24 67.124 67.0724 
4 79.6 79.971 79.9582 
5 107.7 107.851 107.7653 
6 144.5 14.618 143.535 
7 155.2 156.666 156.6343 
8 191.3 190.477 190.3772 
9 223.7 225.361 225.4156 




Figure 6.4(a) The deformation relative to the first vibration mode.  




Figure 6.4(b) The deformation relative to the second vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(c) The deformation relative to the third vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(d) The deformation relative to the fourth vibration mode.  




Figure 6.4(e) The deformation relative to the fifth vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(f) The deformation relative to the sixth vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(g) The deformation relative to the seventh vibration mode.  




Figure 6.4(h) The deformation relative to the eighth vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(i) The deformation relative to the ninth vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
Figure 6.4(j) The deformation relative to the tenth vibration mode.  
Deformed: Solid line; Unreformed: dashed line 
 
 
Figure 6.4 The deformation relative to the first 10 vibration modes for uniform circular 






Curved beams traversed by moving load 
 
7.1 Introduction 
The aim of this chapter is to present the dynamic response of the curved beam 
traversed by moving load. Doing so, the previously presented curved beam model is 
employed. To model the moving load ANSYS© contact element method is applied which 
is discussed previously.  
Numerical results are presented for a typical curved beam traversed by moving 
constant load for different curvature angles with the aim of understanding the effects of 





7.2 Curved beam traversed by single moving load 
7.2.1 Theory and modeling 
To accomplish this part the same techniques utilized in Part I are employed, as 
discussed in the introduction section. Doing so, the same ANSYS© contact elements are 











Figure 7.1 Timoshenko curved beam traversed by single load 
 
As it is shown in the figure, the massless contact element (CONTA175) is defined 
with its contact-pair element (TARGE169) along the beam. As explained before, using 
these two contact elements as well as appropriate properties of the defined contact, one 
can model the contact between the point-force and the beam. It should be mentioned that 
the movement of the force can be manipulated by an appropriate X constraint as      , 
where    is the constant load speed and   is time with the origin of the moment when the 
load arrives on the beam.  
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7.2.2 Numerical results and discussion 
To accomplish this section a typical circular curved beam with hinged-hinged 
boundary condition is considered and the example is solved using the ANSYS© contact 
element method. The geometrical and physical properties of the selected beam are listed 
in Table 7.1. The moving single load has the magnitude of 200kN and its speed along the 
beam is 20m/s. 
 
Table 7.1 Properties of the curved Timoshenko beam 
Elastic modulus 29.43 GPa 
Shear modulus 24.50 GPa 
Mass per unit length 36.056 kg/m 
Cross-section area 7.94 m
2
 
Second moment of area 8.72 m
4
 
Shear coefficient 5/6 
Beam viscous damping 1% 
Beam length 40 m 
 
 
Four different beams are considered with different beam curvature angles (ϕ) to 
investigate the effect of the curvature angle on the beam dynamic response. Figure 7.2 
illustrates the beam midpoint transverse deflection along axis Y as shown in Figure 7.1. It 
should be noted that the beam curvature radius varies based on the Equation 6.4 by the 




Figure 7.2 The curved beam midpoint deflection due to the single moving load 
 
It can be seen that the beam curvature plays a major role in the response of the curved 
beam traversed by single moving load. As illustrated in Figure 7.2, the curved beam with 
the high value curvature angle of 120º has positive deflection in the beginning when the 
load arrives on the beam. The reason for this behavior is that the moving load, while 
crossing the beam, pushes the beam elements to the same direction that it goes; therefore, 
the applied force on the X direction will be transmitted to all the elements of the beam 
and pushes all of them to the right hand side. The applied force has two components: 
along the curved beam, and perpendicular to the beam. The perpendicular component 
makes the element deflect in Y direction. By adding all the elements Y deflection, one 
may calculate the Y deflection of the midpoint. It is also shown that the positive 
deflection of the midpoint decrease dramatically when the beam curvature angle 
decreases. 
On the other hand, the maximum deflection of the curved beam midpoint increases by 
decreasing the curvature angle. It should be noted that the maximum deflection for the 
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straight beam is higher than all of the tested curved beams, as illustrated before in Figures 
2.8-a. and 7.2 
The curved beam midpoint bending moment and shear force are obtained, as 
illustrated in Figure 7.3. Moreover, four different beams with different curvature angle 
are tested with the aim of studying the effects of the curvature angle on beam midpoint 
shear force and bending moment while traversing by single moving load.  
It can be clearly seen that by increasing the curvature angle, the maximum value for 
bending moment increases. By comparing Figures 2.9-a and 6.4-a, one can conclude that 
the bending moment in straight beam is greater than the curved beam traversed by single 
moving load. On the other hand, there is no significant difference between the midpoint 
shear forces for four tested curved beam. However, it can be seen that by increasing the 
beam curvature angle, the shear force fluctuations increase. 
 
 





Figure 7.3(b) Curved beam midpoint shear force 





7.3 Curved beams traversed by moving vehicle 
7.3.1 Introduction 
The goal of this section is to examine the dynamic response of the curved beam 
subjected to moving a six DOF vehicle and also to design an optimal tuned mass damper 
system in order to suppress the beam induced vibration. 
First, the curved Timoshenko beam is modeled as well as a six DOF vehicle, as 
illustrated in Figure 7.4. It should be noted that the vehicle model is the same vehicle 
model that has been presented previously in the thesis. ANSYS© contact element method 
is applied in order to define the wheel-beam contact. The numerical results for a typical 
Timoshenko curved beam and vehicle are presented for both beam and vehicle 
components. Finally, the optimization procedure and method are discussed and an 
optimal design for the tuned mass damper system is presented. The numerical results for 
the beam with the attached TMD are provided, at which the effects of the TMD system 





7.3.2 Modeling and development  
The aim of this section is to create a moving half-car model on the curved 
Timoshenko beam. As discussed earlier, the ANSYS© contact element method is 
implemented in order to model the contact between the vehicle wheels and the curved 
beam. The curved beam is modeled using the same method explained in the beginning of 
the chapter. The employed vehicle model is the same as used and validated in Part I of 
the thesis, Bridge represented as straight beam, as illustrated in Figure 7.4. It should be 
noted that both the modeled curved beam and the vehicle model have been validated 


























The same technique is applied for generating the vehicle movement along the beam 
as discussed before. Moreover, appropriate X constraint is applied as        in order to 
ensure the velocity of the vehicle along the beam would remains constant, where   is the 
vehicle constant speed and   is time with the origin of the moment when the first wheel 
arrives on the beam. Note that MASS21and COBMIN14 elements are employed to model 
the masses, springs and dampers, respectively.  
 
7.3.3 Numerical results and discussion 
A typical circular curved Timoshenko beam and half-car planner vehicle model are 
selected in order to accomplish this section. The curved beam geometrical and physical 
properties are listed in Table 7.2. The geometrical and mechanical of the selected vehicle 
model are listed in Table 3.5 and the vehicle speed is 10 m/s.   
 
Table 7.2 Properties of Timoshenko beam of Table 3.4 with curvature angle 
Elastic modulus 207 GPa 
Mass per unit length 20 000 kg/m 
Cross-sectional area 4.94 m
2
 
Second moment of area 0.174 m
4
 
Beam viscous damping 1750 N.s/m 
Shear coefficient 5/6 
Beam length 100 m 






Figure 7.5 illustrates the history diagram of the driver vertical motion (bounce), the 
passenger, the vehicle body, the front tire and the rear tire bounce. To understand the 
vehicle dynamics, the deflection of the vehicle components, i.e. vehicle body, tires, and 
seats, are studied in two different approaches. Doing so, two functions are defined, 
namely absolute and relative as presented below: 
                 ( ) 
                 ( )   (    ) 
(7.1) 
where    ( ) is the deflection of the component and  (    ) is the beam deflection at the 
location of the vehicle. 
 




Figure7.5(b) Time history diagram of the passenger  
 





Figure7.5(d) Time history diagram of the front tire  
 
Figure7.5(e) Time history diagram of the rear tire  
Figure 7.5 Time history diagram of (a) the driver , (b) the passenger, (c) the vehicle body, 




As it is illustrated in Figure 7.5, there are some similarities in all the presented graphs 
such as:  
 The absolute function and relative function match together when the vehicle 
leaves the beam; however, there are significant differences between them when 
the vehicle is on the beam. 
 The relative deflections of all the vehicle components have two stages: while the 
vehicle is on the beam, when the vehicle leaves the beam. In the first stage, the 
components face the rapid changes of the base altitude due to the curved beam 
geometry, which makes them to oscillate. However, the oscillations decrease 
because of the dampers. 
To understand the beam dynamics under traveling vehicle, the time history of the 
beam midpoint deflection is plotted. Figure 7.6 presents the beam midpoint deflection, in 
which can be seen that the midpoint has positive deflection in the early stage because of 
the same reason the beam traversed by single load has positive deflection in the 
beginning, which is discussed earlier (Figure 7.2). Comparing Figure 7.2 with 7.6, it can 
be clearly seen the beam dynamics are highly under the influence of the vehicle loading. 
It should be noted that the midpoint deflection rapidly decreases when the vehicle passes 




Figure 7.6 Time history of midpoint deflection 
 
As it has been discussed before, moving load on curved beam not only affects the 
dynamics in Y direction, i.e. traverse deflection, also affects the beam in X direction, due 
to the generated longitudinal force. These effects are investigated and results are 
presented in Figure 7.7. It illustrates the X deflection for three different points on the 
beam. These points are located in the different points of the beam as       5  ,  
     5  , and       5   . 
It can be seen that the points at       5   and       5   have greater value of X 
deflection, which could be explained by the fact that these point are closer to the “crest” 
of most of the mode shapes (Figure 5.3) and the midpoint is near to the “node”. It should 















As it has been discussed earlier, the deflection and produced stress in the bridge 
traversed by moving vehicle or train in significantly higher than those for static loads. 
Therefore, it is critical to suppress the induced vibration of the beam. On the other hand, 
one of the simplest and most efficient methods to control continuous systems vibration is 
tuned mass damper (TMD) systems. In Chapter 4 the optimized tuned mass damper is 
presented which is attached to a straight Timoshenko beam. It has been proved that TMD 
has significantly suppressed the beam vibration. The aim of this section is to design an 
optimal tuned mass damper in order to suppress the curved beam vibration traversed by 
moving vehicle. Doing so, the presented curved beam model and vehicle model in 
previous section are utilized and TMD system is attached to the curved beam, as 
illustrated in Figure 7.8. The optimization procedure to design and optimize the TMD 











7.4.2 Optimization method and proposed optimization problem 
It should be noted that the optimization method utilized in this section is the same as 
presented before in Chapter 4, where ANSYS© built-in optimizer is employed. As 
discussed earlier in Chapter 4, there are two different optimization methods in ANSYS© 
commercial package, namely Subproblem approximation method and First order method, 
which are explained in details in Chapter 4. In order to fulfill the TMD parameters 
optimization the First order method is utilized. The first order method converts the 
constrained problem to an unconstrained optimization problem. The conversion is done 
by adding penalties to the objective function to account for the imposed constraints. This 
method uses gradients of the dependent variables with respect to the design variables to 
search the landscape. 
The proposed optimization problem is same as the one presented in Chapter 4, where 
the goal is to minimize the curved beam deflection due to the travelling vehicle using the 
tuned mass damper system. The TMD is attached to the beam midpoint. As explained in 
Chapter 4, three non-dimensional parameters are presented as:  
Mass ratio 𝜇  
    
     
 
(7.2) Frequency ratio      
    
 𝑛
 
Damping ratio      
    
 √        
 
where  𝑛 is the natural frequency of the beam, on which TMD is tuned, usually the first 
natural frequency (fundamental).     ,     ,      are the tuned mass damper mass, 
spring stiffness, and damping coefficient, respectively. 
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It should be noted that mass ratio should be less than 10 percent to avoid any likely 
change in the primary system (the beam) dynamics. Therefore, the mass ratio is kept 
constant for the optimization procedure. The optimization problem for the curved 
Timoshenko beam with the attached TMD and known mass ratio, under the moving half-
car model can be described as: 
Design variables: {         } 
Objective function: to minimize The maximum deflection of the midpoint  
Subjected to:          5 
         
In order to fulfill the optimization, an arbitrary value set for the design variables 
(DVs) are selected to run the optimization for the first time. As illustrated in Figure 4.2, 
the system response will be obtained using the arbitrary value set for DVs, and then the 
optimizer changes the values for the design variables to minimize the objective function. 
 
7.4.2 Numerical results and discussion 
A typical curved Timoshenko beam, and six DOF vehicle model are selected in order 
to examine the TMD efficiency on suppressing beam vibration. The selected curved 
beam and the vehicle physical and geometrical properties are presented in Table 7.2 and 
Table 3.5, respectively.  
The first three natural frequencies of the beam obtained by the finite element method 
are provided in Table 7.3. 
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Table 7.3 First three natural frequencies of the curved Timoshenko beam 
          
Frequency (Hz) 1.7389 3.2813 4.8230 
 
 
By adjusting ANSYS© built-in optimizer setting properly and selecting an arbitrary 
value set for the design variables and following the optimization flowchart, presented in 
Figure 4.2, the optimal design of the attached TMD to the curved Timoshenko beam 
could be achieved. Table 7.4 provides the optimum values for the attached TMD system 
to the curved beam traversed by moving vehicle. 
Table 7.4 Optimal values for TMD with mass ratio of %5 
 TMD frequency ratio TMD damping ratio 
Optimum value 0.8197 0.1189 
 
 
Figure 7.9 illustrates the curved beam midpoint response in frequency domain with 
attached TMD. It can be seen that the TMD system significantly decreases the structural 
response corresponding to the fundamental frequency. 
 




In order to test the efficiency of the optimal TMD, the robustness test is carried out. 
The curved beam midpoint response in frequency domain is obtained for 20% deviation 
of the damping ratio as well as the frequency ratio. Figure 7.10 illustrates the robustness 
test results for variations of damping ratio and frequency ratio. It is shown that the small 
change in frequency ratio from the optimal value would cause off-tuning and results into 
large changes in the system performance.  
On the other hand, the damping ratio seems to be more flexible than the frequency 
ratio. In other words, the off-tuning because of small deviation in the damping ratio is 
relatively smaller than the one observed in the frequency ratio deviation. 
 




Figure 7.10(b)The robustness test of the optimal TMD parameters: frequency ratio 
 
Figure 7.10 The robustness test the optimal TMD parameters 
 
To understand the effectiveness of the attached TMD system to the curved beam, the 
midpoint response in time domain due to the travelling vehicle is obtained, as illustrated 
in Figure 7.11. It can be seen that the attached TMD system has significantly reduced the 
induced vibration of the beam. Moreover, the efficiency of the attached TMD system can 
be discussed by comparing the RMS value and maximum value of the beam midpoint 
time response with and without attached TMD system, as presented in Table 7.5. 
Table 7.5 TMD system influence on the RMS and maximum values of the curved beam 
midpoint response in time domain 
 Without TMD (mm) With TMD (mm) Reduction value (%) 
RMS value 0.1803 0.1103 38.82 





Figure 7.11 The curved beam midpoint response with and without TMD system 
 
It can be seen in Table 7.5 that the attached TMD system has considerably reduced 
the RMS and maximum value of the curved beam midpoint deflection. However, the 









The optimal design for the TMD system attached to curved beam traversed by 
moving a six DOF vehicle is presented in the previous chapter. It should be noted that 
since the moving load is travelling on the centre line of the curved beam, it leads to 
flexural deflection on the beam. Therefore, the TMD is designed to suppress the flexural 
vibration. However, the moving load is not necessarily traveling on the centre line of the 
curved beam in reality. As illustrated in Figure 8.1, axes A is the centre line of the curved 










The off-centre moving load on the beam would produce flexural and torsional 
deflection on the beam, which the previously designed TMD would not be capable of 
suppressing the vibrations. Therefore, new design for the TMD system is required in 
order to suppress the torsional and flexural vibrations of the curved beam traversed by 
off-centre moving load. 
As it is presented earlier in Chapter 5, two different TMD designs are proposed with 
the aim of suppressing the induced vibration due to the off-centre moving load: Separate 
TMDs, and Linked TMDs. The aim of this chapter is to examine the effectiveness of the 
proposed methods on suppressing the curved beam flexural and torsional vibration due to 
the off-centre moving load. Doing so, a typical curved beam traversed by off-centre 
moving load, and both TMD systems are modeled using ANSYS© APLD coding. Both 
TMD systems are tuned using Hartog‟s method [56] and the tuning procedures are 
presented. The numerical simulation is carried out and the results are obtained. The 
results show that both TMD systems considerably suppress the induced vibration of the 




8.2 TMD design and tuning procedures 
As it is discussed earlier is Chapter 5, since the TMD systems should be designed to 
suppress the beam vibration in two directions, namely, flexural and torsional, they must 
have at least two degree of freedom in order to apply forces in both directions. Therefore, 
the TMD systems are presented as two mass systems. The design and tuning methods for 
both TMD systems are presented in this section. 
8.2.1 First design: Separate TMDs 
The first design for the desirable TMD system attached to the curved beam is in fact 








Figure 8.2 Separate TMDs system attached to the curved beam 
 
As it is discussed earlier, by locating two single TMDs on both sides of the curved 
beam, two forces would be generated acting on the curved beam. Based on the TMDs 
tuning, the applied forces could have different combinations: equal forces in the same 
direction would only suppress the flexural vibration, equal forces in opposite direction 
would only induce the torsional vibration; however, non-equal forces in the same 
direction could suppress both flexural and the torsional vibration of the curved beam. In 
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fact the idea is to tune the TMD systems in a way that the produce non-equal forces in the 
same direction with the aim of suppressing the induced vibration of the curved beam in 
both directions. Doing so, Hartog‟s method [56] is applied to tune one of the TMD 
systems on the curved beam flexural vibration and the other one on the torsional. Based 
on Hartog‟s theory, the optimal values for TMD systems are: 





  𝑝𝑡  √
 𝜇
 (  𝜇)
 
where  𝜇  
    
 
 and is the TMD mass ratio.   and   are the TMD frequency ratio and 
the damping factor, respectively, which are defined as: 
     




     
    
 √        
 
where      √
    
    
 is the TMD system un-damped frequency, and  𝑛 is the system 
(curved beam) natural frequency, on which the TMD system is desired to be tuned. 
It should be noted that to keep the curved beam balance, both TMD masses are consider 
to be equal (m1 = m2). 
8.2.2 Second design: Linked TMDs 
As presented earlier in Chapter 5, the second design for the desirable TMD is 
achieved by attaching the previously designed TMDs (Separate TMDs) together using a 
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rigid beam. The aim of this section is to examine the effectiveness of the linked TMDs 
system on suppressing the induced vibration of the curved beam traversed by off-centre 











Figure 8.3 Linked TMDs system attached to the curved beam 
 
Attaching these two single TMDs, the results is a two DOF system which can move 
in two directions: vertical and torsional. The idea is to tune the natural frequencies of the 
TMD system on the first two natural frequencies of the curved beam. Doing so, it is 
required to find the TMD system natural frequencies. As discussed in Chapter 5, the 
frequency equation of the TMD system can be expressed as below, by which one can 
obtain two natural frequencies of the system: 
     
   
      
     
      
     
         
    (8.3) 
Den Hartog‟s method is utilized to tune the natural frequencies of the TMD system on 




8.3 Numerical results and discussion 
In order to study the efficiency of the designed TMD systems, the curved beam is 
modeled in ANSYS© and the moving load is modeled using the introduce method: 
ANSYS© contact element method. Both designs of TMD systems, namely, separate 
TMDs and linked TMDs are modeled. Both TMD systems are tuned utilizing Hartog‟s 
method as presented earlier in Chapter 5. Table 8.1 provides the physical and geometrical 
properties of the modeled curve beam. It should be noted that the beam length and the 
curvature angle are set based on the information presented in Chapter 6. 
 
Table 8.1 Properties of the beam 
Elastic modulus 207 GPa 
Poisson‟s ratio 0.3 
Mass per unit length 30 172 kg/m 
Cross-sectional area 7.45 m
2
 
Second moment of area 0.270 m
4
 
Beam curvature angle 60
o 
Beam length 100 m 
 
 
Table 8.2 provides the first three natural frequencies of the curved beam, which are 
calculated by the finite element method. As provided in Table 8.2, the first natural 





Table 8.2 First three natural frequencies of the beam 
  (     )   (     )   (     ) 
15.61 17.04 21.17 
Torsional  Flexural Torsional 
 
 
By utilizing Hartog‟s formulation and also values of the natural frequencies of the 
beam one can obtain the optimal values for both TMD systems: Separate TMDs and 
Linked TMDs. As discussed earlier, the mass ratio of the TMD systems should be less 
than 10 percent. For this study, the mass ratio is considered to be 5 percent of the curved 
beam total mass. Considering Den Hartog‟s formulation (Equations 8.1), can obtain the 
optimal values for the TMD frequency ratio and the damping factor: 
  𝑝𝑡  
 
  𝜇
    5     
  𝑝𝑡  √
 𝜇
 (  𝜇)
          
Since the natural frequencies of the curved beam, and the TMD systems are obtained, 
the optimal values for both TMD systems parameters can be calculated based on Hartog‟s 
method, as provided in Table 8.3 
 
Table 8.3 The optimal values for the proposed TMD systems 
 TMD#1 TMD#2 
 k1 c1 k2 c2 
Separate TMDs 18331488.5 329549.08 21843964.56 359738.39 





To examine the effectiveness of the designed TMD systems, the curved beam 
response in frequency domain is obtained. As stated earlier, it is critical to pick a proper 
point on the curved beam, at which both flexural and torsional vibration can be observed. 
The selected point on the beam is the same point that was selected earlier for the straight 
beams traversed by off-centre moving load in Chapter 5.  
Since the first natural frequency of the curved beam is close to the second one, they 
affect each other; therefore, the curved beam frequency response without attached TMD 
systems is obtained, as illustrated in Figure 8.4. It can be seen that system has two local 
maximum at the first and second natural frequency.  
 
Figure 8.4 The curved beam response in frequency domain without attached TMD 
systems 
 
Figure 8.5 illustrates the beam frequency response with the attached TMD systems. It 
can be seen that both TMD systems, namely, Separate TMDs and Linked TMDs, are 




Figure 8.5 The frequency response of the beam with attached TMD systems: Separate 
TMDs and Linked TMDs 
 
To observe the effectiveness of the attached TMD systems on the curved beam 
traversed by off-centre moving load, the time history diagram of the beam traversed by a 
sequence of six off-centre moving loads with constant distance and speed of v=120 m/s, 
(Figure 8.6) are obtained. The numerical results for the beam midpoint for both flexural 
and torsional vibration are illustrated in Figure 8.7. It can be observed that both TMD 
systems considerably suppress the induced vibration of the beam. However, Linked 











Figure 8.7(a) Time history diagram of the beam midpoint flexural deflection 
 
Figure 8.7(b) Time history diagram of the beam midpoint torsional deflection 





Conclusions and Future Works 
9.1 Introduction 
In this study vibration suppression of beams traversed by moving loads, using optimal 
Tuned-Mass-Damper (TMD) systems, was investigated. The investigation has been 
performed on two different geometrical shapes of the beam, namely; a uniform 
homogenous straight beam, and a uniform homogenous curved beam.  Based on the two 
different beam characteristics, the present thesis was divided into two major parts. 
Initially, three different models of the moving load on a straight beam were developed 
using commercially available software, namely the APDL coding in ANSYS
©
. The 
numerical simulation of either a single moving load or a moving mass on the straight 
beam were carried out and the results were compared and validated with those reported in 
the literature. A comprehensive parameter sensitivity analysis was performed on the 
beam traversed by a moving load with and without the presence of random base 
excitation and the effects of different beam parameters on the dynamic response of the 
beam were closely examined. 
Having the goal of expanding the present study to a suspension bridge traversed by 
moving vehicles, three major steps have been taken. i) The bridge is traversed by a 
moving single DOF mass, ii) The bridge is traversed by a double moving constant loads, 
and finally, iii) the suspension bridge traversed by a moving vehicles. The proposed 
“ANSYS© contact element method” was applied. Several numerical model simulations 
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were carried out and the numerical results obtained for the above-mentioned three cases 
were discussed. The simulation results obtained for the case of a beam traversed by a 
moving vehicle are compared and validated with those reported in literature. 
It has been found that vehicles travelling on suspension bridges induce undesirable 
vibration, which must be suppressed to an acceptable level. An optimal Tuned-Mass-
Damper was designed by employing the ANSYS© design optimizer. The numerical 
simulation was performed and the numerical results obtained were validated with those 
available in literature. The numerical results showed that the attached TMD system could 
suppress the induced vibration of the beam traversed by moving vehicle, considerably. 
A uniform homogenous curved beam has been analyzed and its model by ANSYS© 
was discussed. The numerical model simulation was carried out to determine the natural 
frequencies of a curved beam, and the numerical results obtained were validated with 
those reported in literature. Moreover, the first ten natural mode-shapes of the curved 
beam were presented. 
The dynamic performances of a curved beam traversed either by a single moving 
constant load or a moving vehicle were investigated. The proposed “ANSYS© contact 
element method” was utilized to analyze both cases. A sensitivity analysis was carried 
out to study the effects of the beam curvature angle on the dynamic response of the beam 
traversed by a moving load. The numerical results obtained for both cases were discussed 
for various parameters involved. Furthermore, an optimal design of a TMD system is 
achieved to suppress the induced vibration of the curved beam traversed by a moving 
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vehicle. The numerical results obtained illustrate that the attached TMD system has 
suppressed the induced vibration of beam, considerably. 
The non-symmetrical and side-way motions of a vehicle travelling on a suspension 
bridge were introduced. Technically, the major difference between a „centre moving 
load‟ and „off-centre moving load‟ is that the „off-centre moving load‟ being 
unsymmetrical generates both the flexural and torsional deflections in the bridge, unlike 
the symmetrical „centre moving load‟. Two different innovative TMD designs were 
presented to suppress the undesirable vibration in both the flexural and torsional 
directions. The optimum values of the double-acting TMD parameters for either a straight 
bridge or a curved bridge were determined from which the combined flexural and 
torsional vibrations of the supporting beam structure were suppressed, considerably. 
 
9.2 Conclusions and Contributions 
 Three different models of the moving loads on beams are developed using the 
APDL coding in ANSYS©, being a commercially available software. All the 
methods have been validated and can be utilized for future studies. 
 A comprehensive parameter sensitivity analysis is carried out on a beam traversed 
by a moving load either with or without the presence of a random base excitation 
(RBE). It has been shown that the beam sensitivity on the base excitation depends 
on its cross-section and the given boundary conditions where the influence of the 
given boundary conditions is relatively higher than the beam cross-section. 
159 
 
o The effects of different boundary conditions are listed below:  
 Without RBE With RBE 








X X X X ✓ X 
Clamped-
Clamped 
✓ ✓ ✓ ✓ X ✓ 
 
o The effects of different beam cross-sectional shapes: 
 Without RBE With RBE 






Rectangular ✓ ✓ ✓ ✓ ✓ X 
Circle-
Solid 
X X X X X ✓ 
 
o The effects of the beam span-length have been examined: 
 It has been found that by increasing the span length, all three items, 
i.e., the beam deflection, velocity, and the bending moment, would 
increase. However, the base excitation affects the beam mid-point 
RMS values of the velocity more than others.  
o The effects of elastic pads for the base foundation have been examined: 
 Damping coefficient is quite effective for low spring coefficient 
values. However, it does not play a major role for higher values of 
spring stiffness. Therefore, the intermediate values of spring 
stiffness and higher values of damping coefficient are desirable. 
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 The half-car planar model with six-degree-of-freedom has been modeled in 
ANSYS© and the model was validated and can be employed for future works. 
 The analysis of a uniform homogenous curved beam model is carried out in 
ANSYS© and the model was validated and can be used for future works. 
 It has been shown that the curvature angle of the curved beams plays a major role 
on the dynamic responses of the curved beam subjected to a moving load.  
 The dynamic responses of the curved beam traversed by a moving load and also 
for the moving vehicle on curved beam have been obtained.  
 It is proven that an optimal TMD system can suppress the induced vibration of the 
curved beam traversed by a moving vehicle. The respective RMS and maximum 
values of the mid-point deflection have been reduced by %38.82 and %67.05. 
o Small changes in the TMD frequency ratio from its optimal value would 
cause an off-tuning and results into higher changes in the system 
performance. However, the %20 changes in the damping ratio have a 
relatively small effect on the system performance. 
o When comparing the optimal TMD values of a straight beam with a 
curved one, it is found that the TMD attached to the curved beam has 
higher values of the frequency ratio and lower values of the damping.   
 By attaching two single/linked TMDs on both sides of either a straight beam or a 
curved beam, traversed by off-centre loads, one is able to suppress both the 
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flexural and torsional vibrations. The amount of vibration reduction for both 
systems on straight and curved beams are presented below: 
System 
Straight beams  Curved Beams 
flexural torsional  flexural torsional 
Separate TMDs %41 %42  %65 %54 
Linked TMDs %43 %44  %80 %85 
 
o It is shown that the Linked TMDs system has a better performance than the 
Separate TMDs system in suppressing the flexural and torsional vibrations 
for either the straight or curved beams.  
o Since both proposed TMD systems have two-degree-of-freedom, they can 
be tuned on both the flexural and torsional vibrations of the beams. 
o The optimal values of the spring stiffness and damping coefficient indicate 
that the Separate TMDs system needs higher values of the spring stiffness 
and damping coefficient for either the straight or curved beams. 
  
9.3 Future works recommendation 
Although the vibration suppression of either the straight or curved beams when 
traversed by different types of moving loads have been investigated in this thesis, other 
types of important and interesting subjects for future works are identified: 
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 The sensitivity analysis of a beam traversed by moving loads and considering two 
non-dimensional parameters β and α as the respective cross-sectional shape and 
the boundary condition needs to be performed. 
 Investigation into the dynamics of either a straight or a curved beam traversed by 
a full vehicle model needs to be carried out. 
 Detailed study on the straight and curved beam dynamic response due to the 
moving vehicle under variable speed are required. Also, one needs to design an 
optimal TMD to suppress the induced vibration. 
 One has to examine the TMD system performance and the beam dynamic 
response in the presence of friction. 
 Using powerful computing facilities, one is able to find the optimal design of both 
the proposed double-acting TMD systems.  
 Utilizing several double-acting TMD systems on the beams and studying their 
performance. 
  Building an experimental setup to study the effectiveness of the proposed TMD 
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